Journal of Statistical Research ISSN 0256 - 422 X
2005, Vol. 39, No. 2, pp. 127-13/
Bangladesh

ESTIMATION OF VARIANCE IN AN ANOVA SETUP

M SEKANDER HAYAT KHAN

Institute of Statistical Research and Training, University of Dhaka, Bangladesh
Email: mshkhan@udhaka.net

SUMMARY

In an ANOVA setup one tests the global null hypothesis against the alternative
that at least one pair of means differ. In this paper we consider the estimation of
the variance, when it is suspected, but one is not sure, that the null hypothesis
holds. We consider the (i) unrestricted unbiased estimator (UUE), (ii) unre-
stricted biased estimator (UBE), (iii) restricted unbiased estimator (RUE), (iv)
restricted biased estimator (RBE), (v) preliminary test estimator (PTE) using
UUE and RUE, (vi) Stein-type estimator (SE) using UBE and RBE of variance.
We derive the bias and risk expressions for these estimators to compare them. It
is shown that Stein-type estimator (SE) dominates uniformly over the UUE as
well as the PTE when the critical value for preliminary test is 1.
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1 Introduction

Stein’s (1956-64) prolific and innovative ideas enriched mathematical statistics in the direc-
tion of point and set estimation of parameters among many other topics. For the multipa-
rameter problem Stein (1956) proved that the usual MLE or LSE is inadmissible under a
quadratic loss function and James-Stein (1961) became the symbol of the paradox which is
a non-linear estimator depending on a test-statistic to test some plausible null hypothesis.
For example, in the case of several mean problem, the test-statistics relates to the test of
equality of the means.

For the estimation of the variance of a normal distribution, Stein’s (1964) theory really
boils down to a preliminary test estimator (PTE) when it is suspected that the mean of the
distribution is zero. The preliminary test estimator was first proposed by Bancroft (1944).
It stands out as a precursor to the Stein-estimator, but soon became important due to
the Stein-estimator of variance. A detailed survey and the importance of Stein’s method
of variance estimation is given in the classic paper “Developments in Decision-Theoretic
Variance Estimation” by Maatta and Casella (1990). The paper details out various aspects
of variance estimation based on a single sample. Before the publication of this paper many
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other papers dominated the area such as Brown (1968), Rukhin (1987), and Strawderman
(1974) among others. In this paper, we consider the problem of estimation of variance
based on multiple samples of varying sizes from different normal distributions with the
same variance but different means, which are suspected, but not sure to be equal.

2 Various Estimates of o2

Consider the ith sample {x;1, ..., Zin, } of size n; from the normal distribution { N (6;,0?)|i =
1,2,...,p}. Let Z; be the ith sample mean and S? be the ith sample unbiased estimator of
o?ie. (ni—1)S? = (xin — )%+ + (in, — %)% i = 1,...,p. An unrestricted unbiased
estimator (UUE) of o2 is then defined by

S?]:mfl{(nl71)512+~~+(np—1)5§}, m=n-—p (2.1)

where n =ny + -+ +n,. Clearly, E[S}] = o2. If now, ; = ... =0, = 6 (unknown) holds,
then the restricted unbiased estimator (RUE) is defined by

nl Mp

Sh=(m+q)7 ¢ (@ =8+ + Y (2 =2}, (2.2)

Jj=1 j=1
where ¢ =p—1and T =n"'(n1Z; + --- + npT,). Note that
(m+q)SE = mSE + (x — 71,)'N(x — 71,) (2.3)
where
x=(Z1,...,%p), 1p,=(1,...,1) —aptupleof I's and N = Diag(ni,...,n,). (2.4)

Further, consider the likelihood ratio test-statistic for the null hypothesis Hy : 01 = --- =
0, = 0y (unknown) given by

L, =(x—71,)N(x —71,)/q 5% (2.5)

which follows a central F—distribution with (g, m) d.f. under Hy and non-central F—distribution
with (¢, m) d.f. and noncentrality parameter A? = (6 — 6y1,)'N(6 — 6y1,)0 2. Under Hy,
E[S%] = o

Now, consider the following two additional estimators of o2 which are biased unrestricted
(BUE) and restricted biased (RBE) estimators respectively

mSE
m+ 2

S2
and o = LD

G = (2.6)

Let F, . (a) be the a-level critical value of the central F—distribution with (g, m) d.f.
Then, a preliminary test estimator of o2 is defined by

Strpy = Y1(Ln)mSE (2.7)
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where

V() = = 1(L0 > Fypule) + B2, < Fypa() (2.
1 n *m n = q,mOé m+q n q7ma . .
Hence,
Str) = St L(Ln 2 Fym(a)) + SRI(Ly < Fym(a)) (2.9)
Similarly, we define
St = Y2(Ln)mSE (2.10)
where
(L) = ! I(L, > F, ())+1+%£"1(£ < Fym(@)) (2.11)
¢2 n —m+2 n Z L'qm\& m+q+2 n q,mlQ)). .
Notice that ¥2(L,) < ¥1(L,) and S%Tm, is based on S% and S% and S%Tm is based on
5%, and 6% respectively. Further, if we choose F, ,(a*) = mLH ie. af = Fq_ﬁl (#_ﬂ), we

obtain the special PTE called the Stein-type estimator, namely,

Sty = bs(Ln)mSE (2.12)
where ey
1 m + L, m
n)=——I[(L,> n—J|L,<——=]. 2.1
¢s(ln) = 003 ('C m+2>+m+q+2 (E <m+2) (2.13)

3 Bias and Risk Expressions

In this section we consider the bias and the risk expressions of the various estimators of o2.
First we consider the bias expressions:

(1) b(SZ) = E(S% — 02) = 0.

(2) B2(SE) = B[Sk — 0] = — 37 (q — A%).

(5) b(Sppy) = — 2= {Gq,m+2 (14 2) Fpn(0); A2) = Gopom (45 Fym(a); A2)}

02 A2Gyam (qﬁFq,m(a; A2).
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0'2 m0'2 0_2
(6) b(S%’T[2]) = _%-&-2 B (m+2q)(m+q+2) Gymt2 ((1 + %)me(o‘); AQ) + m(m+qt2) <
(G r2m (35 Fam(@); 82) + A2Gopam (55 Fum (@) A7) }.
o? mo? . o? m_.
(7) b(SE)) = — 2% — et C(L A%) + gy { G am (75 7253 A7)

+A%Gpam (g 7y A?) }

Now consider the risk expressions of the estimators under the loss function

The risk-expressions corresponding to the estimators are given by

(1) Ri(S) =2

m’

(2) Ro(S2) = L{1+ M},

m+q m+q
(3) Rs(61) = 7543
(4) Ra(6%) = gararyy L+ mrema’(2 + A7),
(5) Bal(S3rpy) = E( —1)° + B[ (& - HHEL= D) 1 (5, (A% < Fy ()]
—28 [(2m - 1) (& - HEe B0 2 1 (Fyn(A%) < Fyn(a)]

I (Fym(A2) < Fq,m(a))]
— i E [Xfrln(l - qu(Az))I(Fq,m(A% < Fq,m(a))]
+m2—qu[X3n(1 — Fym(A))I(Fyn(A?) < Fyn(a))]

2 2 1+ L Fy A2 2
(6) Ro(Shrz) = B —1) +E [(miQ — 8 ) N (Fan(8%) < Fq,m<a>}

a 2
_ZE[(% - )<ﬁﬁ - %)X%I(qu(A% < qu(a»]
= miw + WME[(%H - Fq,m(Az))QX;lnI(Fq,m(AQ) < qu(a))}
_mE[(m&m - qu(AQ))XimI(qu(AQ) < qu(“))}

+WE[(%+2 = Fom (A%)) X I (Fym(A?) < Fq,m(a))}-
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(7) Re(S) = 5723 + sommiarar B | (72 — Fam(82) X T (Fyn (A7) < 725
m 2 m
_m(m+2)2(3n+q+2)E[(m7+2 - qum(Az)) X%I(Fq,m(Az) < m)}

it B[ (525 = Fam(A2) G (Fym(A2) < Fymz25)|.

Note that expressions for R7(S[QS]) is obtained from Rg (SPQ,T[Q]) by putting F, (o) =

Az
Actually, this is the optimum value of Fy, ,(a) for the minimum of Rg (SI%T[Q]) as a function
of Fym(c). Similarly, by Giles (1988) the minimum value of R5(S§T[1]) is obtained at

F, m(a) = 1. Hence, the optimum a* is obtained in these two cases

ot = F‘;%l(nZiZ) for R (S%’T[Q])

} for all (¢, m)
ot = F*l (1) for RG (SE’T[l])

—Tgm

respectively.

4 Properties of the Estimators

In this section we compare the estimators using the risks criteria. First we note that &2
is better than S7 and 6% is better than S%. The PTE S%T[l] is a combination of S% and
S% while S%Tm and 5[25] are combinations of 67 and 6%. The optimum risks of 5123T[1] and

m
m+2°

We compare S7 and S%. The risk of S% is constant while the risk of S% depends on
AZ?. Under Hy, the risk of miﬂ < % Thus, RUE is better than S7 under Hy. However, if
Hy does not hold, then the range of A? for which S% dominates S is given by the positive

SP2’T[2] are obtained when F ,,(a**) =1 and Fy ., (a**) =

root of the following equation

2
Atran? -4y
m

Let A2 = —1+4 /1 + %q be the positive root of the above equation. Then, S% dominates
S% in the interval [0, A?] and S7 dominates S% outside this interval. note that as A? — oo,
the risk is unbounded while that of S7 is constant.

Similarly, compare 67 and 6%. In this case 67 has constant risk, while the risk of 6%
depends on A?. Thus, under Hy, 6% dominates 63 while in general 6% dominates 57, in
the interval [0, A2,] where A2, is the positive root of the equation

At pan? - 21

m+ 2

Let A2, = —1+ /14 -2 be the positive root, then the interval in question is [0, A2,].

m—+2
Now we show that S[QS] dominates 67, uniformly under the loss function Z; (02 — 0%)?,

131



Consider the risk of S[QS] with respect to the above loss. Then we have

%E[msgqs»?(‘cn) - 02]2 = Eﬁn{[(é%’([’n)E(an'En) - 2¢S(£n)E(Xgn|[’n) + 1}}

where ¢g(L,) is a real function of £,,. The minimum of the quadratic form inside the
bracket for fixed A2 and L, is given by

. E(x;,|Ln)
¢s(Ly) = m

which is a function of £,, as well as AZ2.
Following Stein (1964), it is clear that the maximum of ¢%(L,,) is attained at A% = 0
which eliminates the need of noncentral chi-square distribution. Thus, by straightforward

computation we have
- E[X?n/‘cn] 1+ %E"

boLn) = Elx4/Ln]  m+q+2

since x§ and x2, are independent. If £, < ﬁ” then iéf_; < ﬁ” which also implies
that ¢*(L,) < ¢o(Ln) < 7t ¥ A? that is, ¢o(Ly) is closer to the minimizing value than

1/(m + 2). Thus, defining

iz,
o= hopt(ens ) 4 KB e )

we have the Stein-type estimator.
It is then clear from Stein (1964) that

pl{osen (") 1) o] < Bl{ 5 () )
Thus ¢s(L,,)mS is better than mS7 /m + 2.

Similarly, we consider the estimator Spp) with Fym(a) = 1ie. o = F (1) for all
(¢,m) under Hy, then

cn} .

S*%T[l] = w*(ﬂn)mSIQJ
= SEI(L, > 1)+ SEI(L, < 1).

We show that S*%Tm dominates S7. In this case too we have

1+ 2L,
* L:n — m
Violln) =
and the maxa297y(Ly) = % at A% = 0. Then, for £,, < 1, we have
1+ 4L, 1 1
—n < — *£n< *£n<7vA2
T Uiola) < Uil < o
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that means 1§,(L,) is closer to the minimizing value 1/m. Thus, defining

1 1+ 242,
V1(Ln) = —I1(Ly > 1)+ —2"

I(L, <1)
m m+q

we have the PTE of 02 with 1 as the critical value. Then, it is clear, as in Stein (1964), that
2 2 1, 2
B($1(La)x = 1)) < B (3% = 1)%]£a).

Thus, ¥1(L,)mSF is uniformly better than S3 for all A2
What about the dominance of ¢5(L,)mS% over ¥ (£,)mSZ? Clearly, ¢g(L,) < 25 <
V1(Ly) < % which implies that

B[(6s(Cand ~ 1) 16a] < B[(-258, — 1) |£a]

< Bl(ed - 172 < B[22 —1)c,]

Thus, the Stein-type estimator dominates the PTE with critical value 1. Therefore, we
conclude that the Stein-type estimator is the best among the estimators we considered.
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