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SUMMARY

In present paper, some shrinkage testimators for the variance of a Normal distri-
bution have been suggested under the invariant form of the LINEX loss function
assuming initiate estimate of o2 is available in the form of a point estimate .
The comparisons of the proposed testimators have been made with the improved
estimator under the squared error loss and the LINEX loss criteria.
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1 Introduction

Let x1,z2,...,2, be the random samples of size n taken from a Normal population with mean p
and variance o2 respectively. Some initial guessed value for o2 is known in the form of a point
estimate of either from past data or from some reliable sources. The unbiased estimate of o2 is

82=1i($'—5)2 with Var(sQ):E'v:(n—l)
v ‘ v '

The shrinkage estimator (Thomson 1968) for the variance o2 is given by
Y=00+k(s°—00) ; 0<k<1, (1.1)

where k is the shrinkage factor specified by the experimenter according to his belief in the guess
value. A value of k near to zero implies strong belief in o2 and near to one implies a strong belief
in the sample values. It was found that the estimator Y performs better if 62 is in the vicinity of
the true value o2 i.e., (Z—§ = 1) . Pandey and Singh (1977) have studied the shrinkage estimator

(1.1) under the mean square error criterion.
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The squared error loss is inappropriate because it gives equal importance to over estimation
and under estimation. In some situations, we may come across the condition where negative error
may be more serious than a given positive error. Varian (1975) and Zellner (1986) proposed a very
useful asymmetric loss function known as the LINEX loss function. Basu and Ebrahimi (1991)

considered its invariant form and is defined for any estimate 6 of the parameter 0 as
* alA* * * é
L(A):{e —aA —1};a7é0andA = 5—1 . (1.2)

The LINEX loss function is convex and its shape is determined by the value of a (the sign of a
reflects the direction of asymmetry, a > 0 (a < 0) if over estimate is more (less) serious than the
under estimation) and its magnitude reflects the degree of asymmetry. The LINEX loss criterion
changes to mean square error criterion if |a| — 0.

Pandey et al. (1988) considered some shrinkage testimators for the estimate of variance under
mean square error criterion. Parsian and Farsipour (1999), Singh et al. (2002), Misra and Meulen
(2003), Pandey et al. (2004), Ahmadi et al. (2005), Xiao et al. (2005), Prakash and Singh (2006),
Singh et al. (2007) and others have considered the estimation procedures under the LINEX loss
function in different contexts.

A class of estimators for the variance o2

is given by
P=cs?, (1.3)

where ¢ > 0 be the scalar.
The risk for the estimator P under the invariant form of the LINEX loss is

R(P) = {ea <1—%)% —ac+a—1}.

The value of ¢, which minimizes the risk, R(P) is

Y1 —exp (=22 ) ) = e1 (say). (1.4)
(1o (-575))

Therefore, the improved estimator for the variance is P1 = ¢1 s2. The risk under the invariant

form of the LINEX loss and the squared error loss are obtained respectively as
R(P)=1(1+3) 2 ) ) g
V= 2) \ PP\ o2 “

MSE(Pl):a‘*{”::Q c%—2c1+1}.

and

In the present paper, we study the performance of the shrinkage testimators under the invariant
form of the LINEX loss and the squared error loss functions with the different choices of the

shrinkage factor. The recommendations regarding the choices of testimators have also been made.
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2 The Shrinkage Estimators and their Properties

The LINEX loss function of the estimator Y (1.1) is given by

a2 a
LY)=+ {(kﬁl +82)° + 5 (K +ﬂ2)3+~~~} 7
2 02
where 1 = &5 — 4§, fo =6 —1,0 = Z§.
The risk of the estimator Y may by obtained by ignoring the higher order terms (more than
one) of a , is given by

a2

R(Y) = 5 {E (061 + 62) + S (k1 + 2) }
The value of k , which minimizes the risk R(Y) is
B\ [(52 - AC)

Eemin = - ; B > AC,
A

where A = a{% — 6% — 35 (v£2) —|—352}, B = {2 4 6% — 26} {1+a(6—1)} and ¢ =
6—12(a(1-20)—2).
The value of kpm:n depends on the unknown parameter o2. An estimate l%mm of kmin may be

obtained by replacing o2 by its unbiased estimate s2. Hence the improved shrinkage estimator is
Y = 03 + feim (32 — ag) . (2.1)

The expressions of risk for improved shrinkage estimator Y7 under the invariant form of the

LINEX loss and the squared error loss, are thus obtained as

R()/l) _ F(I%) {ea(é—l) fooo 6flfw w%—ldw_ fooo fl e~ v w%fldw

—@@-1)+1)r(3)}
and

MSE (Y1) = #; {f0°° f5 e wer T dw —2(8 — 1) [ f2 e w2 Hdw

—(1-9)°0(3)}
where f1 = al%mm (27’“” - 6) and fo = IAcmm (27“’ — 5) .
The relative efficiency of the shrinkage testimator Y7 with respect to the improved estimator
P, is defined as
R(P1)
R (Y1)

MSE (P,
and RE() (Y1, P1) = (1)

REw (0, B = T MSEMW)

The suffix L and M stands respectively for the LINEX loss and squared error loss. Both the
expressions of relative efficiency are the function of é,a and n. To guard against large risk, the
smaller values of a(< 1) are considered. Hence, for the selected values of a = 0.25,0.50, 1.00;
0 = 0.20(0.20)1.60; n = 05,10, 15,25, the relative efficiencies have been calculated and presented
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them in Tables 1 - 2 and in order to save space graphs are presented here only for a = 1.00 in Figs
—1-2.

From these tables, we can say that the estimator Y; performs well with respect to P; in the
range 0.40 < § < 1.20 for a fixed a and n and attains maximum efficiency at § = 1. The effective
intervals of estimator Y1 decrease as n increases. The relative efficiency increases as a increases for
all the considered values of § under square error loss whereas; it first increases for small § < 1.00
and then decreases as a increases when the loss is LINEX. As for as gain in efficiency is considered,
the LINEX loss looks good for the small § and a .

As ¢1 € ]0,1] from (1.4), it may be a choice for the shrinkage factor. Based on this shrinkage

factor, the shrinkage estimator is defined as
Y, = 03 +c (52 — a'g) . (2.2)

The risk for Y2 under the invariant form of the LINEX loss and the squared error loss are given as

R(Yg):exp<a{6(1—cl)— D—a(a—1)(1—c1)—1

v+ 2

and
v+ 2

v

MSE()@):U‘*{C%( +5(5—2)) +(1—5)2(1—2c1)}.

Similarly, the relative efficiency for Y2 with respect to P; is given by

MSE (P
and REp (Yo, P1) = (F)

RE) (Y2, P1) = 7+ = MSE (V2) -

The expression of RE () (Y2, P1) involves §,a and n . For the same set of values as considered
earlier, we have calculated the relative efficiency and presented them in Table 3 and graph in Fig
- 3 (for @ = 1.00 only). This table shows that the estimator Y2 performs well than P; for all the
considered values of §,a and n, and the relative efficiency decreases as sample size n increases. The

effect of the increase of a on the relative efficiency is similar to Y. Now,
RE(y (Yo, P1) > 1=6(2-6)(1—c1)® > 0. (2.3)

It is clear from equation (2.3) that the shrinkage testimator Y2 always performs better than Py

when § < 2 under the squared error loss.

3 Different Shrinkage Testimators and their Properties

The above result suggests that the shrinkage estimators Y; and Y> have smaller risk than the
improved estimator P; when the guess value of is in the vicinity of the true value o2. Thus,
we propose the shrinkage testimator for the testing of the hypothesis Hy : o2 = o2 against
H; : 02 # 02 on the basis of a given set of data as follows:
T a'g + I;mm (52 — a'g) if Hy : o2 = 03 is accepted
1 =
P otherwise.
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For testing Ho : o2 = o0& we have a test statistic “;'22, which follows chi - square distribution
0

with v degrees of freedom. The hypothesis Hy is accepted when I; < (%s;) < la, where [; and
0

l2 being the values of the lower and upper 100 (%) % points of the chi - square distribution with v
degrees of freedom. Hence,

~ 2 2
2 2 2 ceog la 2 g L2
T _ g9 + kmln (S - Uo) lfOT S S S OT
=

P, otherwise.

The risk for the testimator 77 under the invariant form of the LINEX loss is given by

R(Ty) = ! {ea(éfl)/ ’ el 2! dw—efa/ ’ efom wi ! duw

r(3)

- f 21 w2 v_q w2 vy
. o o L
+e elo w2 dw—/ fl e w?2 dw_|_ fO e w? dw
0 wy wy
w2
_w v v
as | e wilaw + (a—l—acl)F(—) } (3.1)
w1 2
where wy = 4%, ws = 4%, and fo = 2512

Also, the mean square error for the shrinkage testimator 74 is obtained as

MSE(Ty) = ”—4) {

w2 v w2 N
I'(3 / (f2+6)" e wifldw—z/ (f2+06) e w2 ' dw
2

wq wi
w2 z z v
—/ fo (fo—Q) e w2 dw —l—% c§—201+1} , (3.2)
wy

where fo = “le
Waikar et al. (1984) have suggested an idea of taking the shrinkage factor, which is the function

of test statistic. Under Hy : o2 = 037

2 2 2
Uo—ll<52<00—l2<:>0< Y (S——l—l):kl(say)fl-

v T T v “lo—lh \o2 v

The shrinkage testimator may be defined as

2 2
2 2 2 seog ln 2 o5 b2
T, = o + k1 (s 0'0) if—2— <57 < L

P, otherwise.

When Hy : 02 = 02 is accepted, I; < v < ly = % < 1. If one is interested to take smaller values

of the shrinkage factor, he can take % 2 1. Then the shrinkage factor becomes

s 1| =k
la—l1 |02 -2
(say), it may possible that the value of the shrinkage factor is negative so we make it positive.
Adke et al. (1987) and Pandey et al. (1988) considered this type of shrinkage factor. Based on this

shrinkage factor the shrinkage testimator is proposed as

2 2
. l l
03 + ko (82 — 03) 1f—‘7"u L <2< —UOU 2
T3 =

P otherwise.
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In addition, based on c1, the proposed shrinkage testimator is

2 2
. 1 l
08—&—01(52—08) if 20 <2< %2
Ty

P otherwise.

The expressions for the risk of the given testimators under the invariant form of the LINEX

loss and squared error loss can be easily obtained by making some modifications in (3.1) and (3.2)

respectively. The relative efficiencies of T; ;1,...,4, with respect to the improved estimator P; are
given as
R(P)
REy (T;, P) =
(L) ( 1) R(T)
and
MSE (P1) .
RE TiP)= ————=%;i=1,...,4.
on (T P = Jrapy

The expressions of relative efficiencies are the functions of §,a,n and a. For the same set of
values as considered in previous section with a = 0.01 and 0.05, the relative efficiency have been
calculated and presented in Tables 4 — 11 for n = 10 and 25. Also, the graphs are presented in Figs
—4 — 11 for n = 10.

When the risk criterion is LINEX, we can say that the shrinkage testimators T;(i = 1,2,3)
perform better than the improved estimator P; in the range 0.20 < § < 1.40 for fixed n,a and «
and the effective interval decreases as sample size n increases; whereas the testimator T} is efficient

then P; for all the considered values of d,n,a and a.

On the other hand, under the square error risk criterion, testimators T;(i = 1,2) are efficient
than the improved estimator P; in the range 0.40 < § < 1.20 and the testimator T3 is efficient than
P, in the range 0.40 < ¢ < 1.40 for fixed n,a and « and the effective interval decreases as sample

size n increases. The performance of Ty in this risk criterion is the same as that of the LINEX loss.

As the level of significance « increases, the relative efficiency of T;(i = 1,2, 3) decreases when
0 is near to one and the relative efficiency of T4 decreases when § > 1.00, in both risk criteria.
The relative efficiency increases as a increases for all § when the risk criterion is square error loss;
whereas, when risk criterion is the LINEX loss it increases with the increase of a for small § < 0.60.
The maximum value of the relative efficiency occurs at § = 1 for T;(¢ = 1, 2, 3) under square error
loss and T;(¢ = 1,3) under the LINEX loss. For other testimators Tx (LINEX loss) and T , Tu

(square error loss) the values of maximum relative efficiency are near at § = 1.

Under the LINEX loss, in the common effective interval i.e., 0.20 < § < 1.20, n < 10 and for all
Maxz Min
the considered values of level of significance a, ¢ § (RE (T3, P1)) corresponds to the shrinkage

testimator T5.
Similarly, under the mean square error criterion and in the common effective interval 0.40 <
M Min
0 < 1.20 with n > 05, i s (RE (T3, P1)) corresponds to the shrinkage testimator T, for small

level of significance a(= 0.01) and the shrinkage testimator 7% for large a(= 0.05).
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Appendix

Table 1: » RE(L) (H,Pl)

! ! 0.20 0.40 0.60 0.80 1.00 1.20 1.40 1.60
0.25 | 1.0963 2.0672 3.2094 4.9242 5.2614 3.7417 2.2267 1.3195
05| 0.50 | 1.1039 2.0972 3.2574 4.9973 5.2573 3.6460 2.1184 1.2301
1.00 | 1.1176 2.1489 3.3375 5.0917 5.1877 3.3994 1.8859 1.0522
0.25 | 0.9990 1.7415 2.5321 4.1624 5.0574 3.1087 1.4371 0.7595
10 | 0.50 | 1.0033 1.7670 2.5769 4.2207 5.0305 3.0229 1.3723 0.7133
1.00 | 1.0115 1.8143 2.6602 4.3231 4.9481 2.8409 1.2443 0.6257
0.25 | 0.9756 1.5875 2.1319 3.3814 4.4145 2.7613 1.1974 0.5771
15| 0.50 | 0.9771 1.6080 2.1685 3.4261 4.3910 2.6841 1.1458 0.5438
1.00 | 0.9798 1.6465 2.2386 3.5068 4.3268 2.5285 1.0465 0.4809
0.25 | 0.9603 1.4756 1.7844 2.5670 3.7449 2.3990 0.8710 0.4234
251 0.50 | 0.9651 1.4889 1.8119 2.6000 3.7212 2.3373 0.8381 0.4025
1.00 | 0.9674 1.5144 1.8652 2.6623 3.6650 2.2143 0.7745 0.3629
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Figure 1: RE( (Y1, P1) ::a=1.00

Table 2: » RE(M) (K,Pl)

0.20

0.40

0.60

0.80

1.00

1.20

1.40

1.60

05

0.25
0.50
1.00

1.0776
1.0714
1.0704

1.8958
1.9187
1.9765

2.9880
3.0664
3.2298

4.6600
4.8541
5.2057

5.0478
5.2634
5.7612

3.6312
3.7366
3.8995

2.1889
2.2318
2.3039

1.3168
1.3376
1.3782

10

0.25
0.50
1.00

0.9801
0.9678
0.9497

1.5920
1.6033
1.6318

2.3533
2.4157
2.5489

3.9670
4.1614
4.5823

4.9208
5.1748
5.7298

3.0225
3.1087
3.3011

1.4022
1.4225
1.4749

0.7491
0.7562
0.7781

15

0.25
0.50
1.00

0.9589
0.9447
0.9201

1.4499
1.4548
1.4679

1.9728
2.0144
2.1032

3.2026
3.3355
3.6232

4.2713
4.4661
4.8998

2.6654
2.7181
2.8425

1.1591
1.1678
1.1940

0.5658
0.5690
0.5799

25

0.25
0.50
1.00

0.9553
0.9411
0.9134

1.3488
1.3482
1.3480

1.6445
1.6687
1.7198

2.4058
2.4774
2.6317

3.5927
3.7178
3.9929

2.2993
2.3316
2.4082

0.8366
0.8401
0.8520

0.4106
0.4113
0.4155

25
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Figure 2: RE(y) (Y1, P1) a=1.00

Table 3: » RE(L) (Ya, P))

! 0.20 0.40 0.60 0.80 1.00 1.20 1.40 1.60

05

0.25 | 1.1459 1.7994 1.9689 2.0733 2.0856 2.0010 1.8397 1.6358
0.50 | 1.1548 1.8232 1.9960 2.0867 2.06563 1.9344 1.7283 1.4919
1.00 | 1.1704 1.8652 2.0388 2.0908 1.9900 1.7653 1.4842 1.4072

10

0.25 | 1.0763 1.5935 1.6621 1.6997 1.7012 1.6662 1.5987 1.5060
0.50 | 1.0822 1.6069 1.6751 1.7045 1.6898 1.6324 1.5397 1.4230
1.00 | 1.0932 1.6307 1.6939 1.7104 1.6461 1.5392 1.3969 1.3388

15

0.25 | 1.0516 1.5265 1.5691 1.5914 1.5917 1.5697 1.5270 1.4668
0.50 | 1.0559 1.5358 1.5775 1.5942 1.5837 1.5468 1.4866 1.4082
1.00 | 1.0640 1.5520 1.5892 1.5980 1.5529 1.4819 1.3847 1.2714

25

0.25 | 1.0314 1.4735 1.4976 1.5099 1.5097 1.4970 1.4724 1.4370
0.50 | 1.0341 1.4792 1.5026 1.5113 1.5047 1.4831 1.4476 1.4000
1.00 | 1.0393 1.4891 1.5092 1.5180 1.4854 1.4425 1.3826 1.2396
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Table 04

RE) (Th, P1)

0.20

0.40

0.60

0.80

1.00

1.20

1.40

1.60

10

0.25

0.01
0.05

1.1086
1.1240

1.7670
1.8081

2.5338
2.4215

4.2924
3.6400

5.3141
3.9953

3.2371
2.5049

1.6235
1.3593

0.9034
0.8052

0.50

0.01
0.05

1.1137
1.1266

1.7946
1.8331

2.5700
2.4701

4.3293
3.7037

5.3037
4.0195

3.1674
2.4726

1.5586
1.3164

0.8521
0.7657

1.00

0.01
0.05

1.1226
1.1309

1.8500
1.8795

2.6485
2.5716

4.4009
3.8455

5.2497
4.0648

3.0122
2.3989

1.4285
1.2283

0.7537
0.6880

25

0.25

0.01
0.05

1.1212
1.1216

1.6280
1.6618

1.8470
1.8447

2.7948
2.5614

3.9895
3.1236

2.3953
1.9430

0.9813
0.9457

0.4654
0.5972

0.50

0.01
0.05

1.1213
1.1217

1.6376
1.6678

1.8705
1.8701

2.8228
2.5985

3.9768
3.1324

2.3522
1.9200

0.9805
0.9307

0.4445
0.5734

1.00

0.01
0.05

1.1215
1.1217

1.6560
1.6786

1.9390
1.9207

2.8785
2.6763

3.9405
3.1463

2.2618
1.8708

0.8749
0.8107

0.4039
0.5271

Table 05

RE) (T1, P1)

0.20

0.40

0.60

0.80

1.00

1.20

1.40

1.60

10

0.25

0.01
0.05

0.9877
1.0023

1.4870
1.5219

2.1687
2.0701

3.7491
3.1599

4.6750
3.4535

2.8252
2.1482

1.4224
1.1745

0.8005
0.7057

0.50

0.01
0.05

0.9924
1.0052

1.5215
1.5548

2.2536
2.1604

3.9578
3.3412

4.9289
3.6010

2.8996
2.1847

1.4388
1.1819

0.8052
0.7078

1.00

0.01
0.05

1.0018
1.0110

1.5958
1.6220

2.4407
2.3563

4.4242
3.7496

5.4993
3.9333

3.0743
2.2772

1.4861
1.2091

0.8236
0.7198

25

0.25

0.01
0.05

0.9995
0.9999

1.3608
1.3901

1.5540
1.5518

2.3830
2.1796

3.4455
2.6641

2.0534
1.6452

0.8276
0.8206

0.6063
0.5125

0.50

0.01
0.05

0.9996
1.0000

1.3690
1.3960

1.5848
1.5839

2.4574
2.2527

3.5545
2.7295

2.0726
1.6502

0.8389
0.8378

0.6066
0.5146

1.00

0.01
0.05

0.9997
1.0000

1.3867
1.4083

1.6538
1.6529

2.6214
2.4147

3.7950
2.8750

2.1214
1.6684

0.8464
0.8462

0.6096
0.5147
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Table 06

RE) (Ta, P1)

0.20

0.40

0.60

0.80

1.00

1.20

1.40

1.60

10

0.25

0.01
0.05

1.1754
1.1561

1.9669
2.0358

2.1845
2.4096

2.9182
2.7568

3.8172
2.7874

2.9358
2.0812

1.5571
1.2835

0.8419
0.7960

0.50

0.01
0.05

1.1820
1.1585

2.0258
2.0786

2.1962
2.4680

2.7890
2.7272

3.5273
2.6697

2.7500
1.9842

1.4750
1.2242

0.7923
0.7530

1.00

0.01
0.05

1.1922
1.1620

2.1420
2.1561

2.2188
2.5893

2.7267
2.6627

2.9560
2.4215

2.3604
1.7736

1.3059
1.0980

0.6953
0.6665

25

0.25

0.01
0.05

1.1225
1.1220

1.7155
1.7140

1.7860
1.9231

2.4963
2.4881

4.1273
2.9553

2.2784
1.7155

0.8630
0.8214

0.4253
0.4939

0.50

0.01
0.05

1.1226
1.1220

1.7360
1.7232

1.8237
1.9646

2.4707
2.4575

3.9716
2.8963

2.2184
1.6795

0.8354
0.7968

0.4055
0.4715

1.00

0.01
0.05

1.1228
1.1221

1.7732
1.7389

1.9015
2.0476

2.4575
2.4433

3.6576
2.7727

2.0930
1.6031

0.7805
0.7476

0.3670
0.4281

Table 07

RE) (T, P1)

10

0.25

0.01
0.05

1.0509
1.0328

1.6594
1.7206

1.8803
2.0637

2.5974
2.3116

3.4616
2.4597

2.6093
1.8184

1.3708
1.1181

0.7468
0.6995

0.50

0.01
0.05

1.0604
1.0375

1.7270
1.7778

1.9507
2.1675

2.6574
2.5035

3.5024
2.8033

2.6251
1.8280

1.3778
1.1203

0.7507
0.7006

1.00

0.01
0.05

1.0782
1.0459

1.8717
1.8931

2.1112
2.3971

2.8041
2.7135

3.6205
2.9145

2.6856
1.8665

1.4073
1.1372

0.7668
0.7108

25

0.25

0.01
0.05

1.0008
1.0003

1.4362
1.4357

1.5019
1.6190

2.1404
2.0861

3.5943
2.5370

1.9517
1.4527

0.7439
0.6938

0.4721
0.4229

0.50

0.01
0.05

1.0009
1.0003

1.4566
1.4465

1.5441
1.6671

2.1768
2.1452

3.6156
2.5597

1.9537
1.4537

0.7445
0.7014

0.4724
0.4287

1.00

0.01
0.05

1.0013
1.0004

1.4981
1.4679

1.6379
1.7709

2.2825
2.2783

3.6793
2.6192

1.9697
1.4556

0.7504
0.7016

0.4753
0.4289
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Figure 7: RE() (T2, P1) =n =10
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Figure 8: RE( (T3, P1) =n=10
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Table 08

RE) (T3, P1)

0.20

0.40

0.60

0.80

1.00

1.20

1.40

1.60

10

0.25

0.01
0.05

1.0952
1.1184

1.5959
1.7168

2.1556
2.1705

4.1678
3.4202

7.7343
4.3142

4.8301
3.0525

2.0737
1.6909

1.0657
1.0108

0.50

0.01
0.05

1.1053
1.1230

1.6443
1.7566

2.1910
2.2269

3.9012
3.3565

7.3983
4.2618

4.6619
2.9920

1.9934
1.6413

1.0116
0.9678

1.00

0.01
0.05

1.1221
1.1304

1.7401
1.8302

2.2683
2.3454

3.9001
3.3298

6.6988
4.1447

4.2936
2.8516

1.8296
1.5352

0.9057
0.8809

25

0.25

0.01
0.05

1.1191
1.1212

1.3980
1.5582

1.3558
1.5003

2.9173
2.5509

8.9746
4.5076

3.1383
2.2711

1.0804
1.0272

0.5625
0.6377

0.50

0.01
0.05

1.1195
1.1212

1.4231
1.5728

1.3860
1.5338

2.9038
2.4917

8.8263
4.4921

3.0919
2.2481

1.0507
1.0023

0.5396
0.6132

1.00

0.01
0.05

1.1201
1.1214

1.4700
1.5987

1.4482
1.6009

2.8979
2.4509

8.5034
4.4559

2.9932
2.1982

1.0012
1.0005

0.4949
0.5651

Table 09

RE) (T3, P1)

10

0.25

0.01
0.05

0.9749
0.9969

1.3363
1.4409

1.8352
1.8471

3.6360
2.8809

6.8262
3.7220

4.1764
2.5993

1.8010
1.4481

0.9375
0.8775

0.50

0.01
0.05

0.9836
1.0015

1.3816
1.4824

1.9025
1.9312

3.7448
3.0091

6.9420
3.8098

4.2005
2.6116

1.8095
1.4490

0.9421
0.8778

1.00

0.01
0.05

1.0006
1.0101

1.4801
1.5682

2.0562
2.1173

4.0013
3.3005

7.2435
4.0208

4.2949
2.6634

1.8467
1.4671

0.9617
0.8885

25

0.25

0.01
0.05

0.9975
0.9995

1.1605
1.2990

1.1316
1.2545

2.4605
2.0936

7.6743
3.8193

2.6564
1.9057

1.0766
1.0638

0.5887
0.5505

0.50

0.01
0.05

0.9977
0.9995

1.1745
1.3082

1.1564
1.2841

2.5075
2.1531

7.7435
3.8647

2.6572
1.9898

1.0769
1.0698

0.5888
0.5548

1.00

0.01
0.05

0.9980
0.9996

1.2043
1.3273

1.2121
1.3489

2.6168
2.2871

7.9259
3.9759

2.6748
1.9943

1.0831
1.0771

0.5919
0.5664
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Figure 9: RE(y) (T3, P1) =n =10
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Figure 10: RE(r) (T4, P1) =n =10
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Table 10

RE) (Ty, P1)

0.20

0.40

0.60

0.80

1.00

1.20

1.40

1.60

10

0.25

0.01
0.05

1.1745
1.1532

2.0984
2.0380

2.2031
2.3080

2.1068
2.2058

2.0108
1.9797

1.9041
1.7565

1.7644
1.5450

1.5978
1.3501

0.50

0.01
0.05

1.1762
1.1539

2.1378
2.0646

2.2657
2.3834

2.1387
2.2657

2.0065
1.9921

1.8688
1.7309

1.7032
1.4953

1.5169
1.2866

1.00

0.01
0.05

1.1782
1.1546

2.2102
2.1095

2.3980
2.5372

2.2012
2.3933

2.0812
2.0102

1.7734
1.6652

1.5564
1.3822

1.3377
1.1505

25

0.25

0.01
0.05

1.1227
1.1220

1.7991
1.7407

2.0057
2.0184

1.8872
1.9871

1.7925
1.7835

1.7135
1.5964

1.5893
1.4126

1.4288
1.2596

0.50

0.01
0.05

1.1228
1.1221

1.8090
1.7454

2.0461
2.0563

1.9072
2.0249

1.7899
1.7875

1.6963
1.5771

1.5587
1.3785

1.3867
1.2158

1.00

0.01
0.05

1.1228
1.1221

1.8262
1.7530

2.1286
2.1302

1.9461
2.1031

1.7976
1.7908

1.6495
1.5319

1.4862
1.3063

1.2951
1.1279

Table 11

RE) (Ty, P1)

10

0.25

0.01
0.05

1.0503
1.0302

1.7742
1.7222

1.8776
1.9616

1.8199
1.8902

1.7584
1.7127

1.6787
1.5288

1.5628
1.3479

1.4183
1.1786

0.50

0.01
0.05

1.0552
1.0329

1.8296
1.7647

1.9717
2.0623

1.9167
1.9953

1.8479
1.7918

1.7525
1.5784

1.6134
1.3714

1.4436
1.1822

1.00

0.01
0.05

1.0638
1.0378

1.9415
1.8471

2.1833
2.2828

2.1440
2.2390

2.0600
1.9774

1.9260
1.6957

1.7308
1.4303

1.5035
1.1992

25

0.25

0.01
0.05

1.0010
1.0003

1.5100
1.4593

1.6893
1.6998

1.5991
1.6787

1.5284
1.5141

1.4650
1.3573

1.3586
1.1200

1.2196
1.0699

0.50

0.01
0.05

1.0011
1.0004

1.5247
1.4674

1.7379
1.7459

1.6413
1.7311

1.5621
1.5450

1.4893
1.3681

1.3682
1.1938

1.2236
1.0726

1.00

0.01
0.05

1.0013
1.0004

1.5538
1.4830

1.8440
1.8440

1.7381
1.8494

1.6410
1.6173

1.5473
1.3971

1.3943
1.2188

1.2273
1.0755
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Figure 11: RE(p (Ty, P1) ::n =10
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