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SUMMARY

Some recurrence relations between expectation of function on single and joint
generalized order statistics for a general class of distribution

1
1—F(av):eXp[—E{h(:r)—h(oz)}]7 a<z<p
are obtained. Further, various deductions and particular cases are also discussed.
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1 Introduction

The concept of generalized order statistics (gos) was given by Kamps (1995), which is given as
below:
Let F'() be an absolutely continuous distribution function (df) with probability density function

n—1

(pdf) f(). Let n € N, n > 2, k>0, m = (m1,ma,...,mMn_1) € R"™', M, = 3 my, such that
Jj=r

Yv=k+n—r+M,>0foralre{l,2...,n—1}. Then X(r,n,m,k), r=1,2,...,n are called

gos if their joint pdf is given by

n—

k(nf[lw) (TT0 - Pl se0)t - PP fe)

=
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on the cone F71(04) < x1 < 22... <z < F71(1) of R™.

Choosing the parameters appropriately, models such as ordinary order statistics (y; =n—i+1;
1=1,2,--- nie.m=ma=-=mp_1 =0, k=1), k™ record values (s =k ie mi=me=
<+ =mp_1 = —1, k € N), sequential order statistics (y; = (n —i+ 1)as; a1,as,...,an > 0), order
statistics with non-integral sample size (7, = o — i + 1, a > 0). Pfeifer’s record values (y; = Gs;
B1,B2,...,0n > 0) and progressive type II censored order statistics (m; € No, k € N) are obtained
[Kamps (1995), Kamps and Cramer (2001)].

Here we may consider two cases, which are:
Case 1 o omy=my=m;i,j=12,...,n—1,
Case I : v #7;,4,j=12,...,n—1
For Case I, generalized order statistics (gos) will be denoted as X (r,n,m, k) and its pdf is given
by [Kamps, 1995]

Ftrmm(@) = T 1= F@P ™ f(@) g (@)

and the joint pdf of X (r,n,m,k) and X(s,n,m,k), 1 <r <s<mn,is

Cs— m o
fX(r,n,m,k), X (s,n,m,k) (xa y) = (7‘ — 1)' (8 i " 1)' [1 - F(Z’)} 9m 1(F(;B))

X[ (F(y)) = han(F(@)))" 77 L= F)]™ 7 f(=) f(y),

where
i=1
1 (1—az)m™t m#—1
hn(z) = m+1 ’
—log(1 — x) , m=-—1
gm(z) = hm(z) —hm(0), z€]0,1).

For case II, the pdf of X(r,n,m, k) is [Kamps and Cramer, 2001]
Fxmamm (@) = Croy f(2) Y ai(r)[1 — F(z)]"
i=1
and the joint pdf of X(r,n,m,k) and X(s,n,m, k), 1 <r <s<nis

Pt semmin (@) = Cor 3 a6 (25 4) " [ L e - Pa) ]

i=r+1 i=1

f(x) f()

U =F(@) (- F()’
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where
Cr1 = H’Yi, vi = k+n—i+ M;,
i=1
. 1
ai(r) = —, 1<i<r<n
(=)
j#i
and .
() ‘ 1 ,
a; '(s) = —, 7+ 1 <1< s < n.
() H (v — 1)
j=r41
j#

Let the df of general form of distribution be

1—F(z) = exp [f%{h(x) - h(a)}] . ze(af) (1.1)
and corresponding pdf is

f@) = e [-Haw - n|. e @), (12

where ¢ is a nonzero real constant, hA(z) is a monotonic and differentiable function of z in the
interval (o, 3) such that F(a) =0 and F(8) = 1. Thus in view of (1.1) and (1.2), we have

1-Flx) = f(@). (13)

Here an attempt is made to unify earlier results for different distributions, which are discussed in
the form of examples at the end.

2 Recurrence Relations for Function of GOS

Casel: mi=my=m;i#j=12...=n—1
Theorem 1. For distribution given in (1.1) andn € N,m=(m; =---=mu_1) € R,2<r <n,
E=1,2,...,
c
E[é_{X(T', n,m, k)}] - E[f{X(T - 17nam7 k)}] = E[¢{X(T7 n,m, k)}L (21)

Yr

where ¢(x) = i/,((i)) .

Proof. From Athar and Islam (2004), we have

C’r72
(r—1)!

5
EE{X (r,n,m, k)}] — E[E{X(r —1,n,m,k)}] = / (@)1 = F@)]" g (F(x))da.

Now in view of (1.3), we get

E[f{X(T, n,m, k)}] - E[f{X(”I‘ - 17”7 m, k)}]
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= = [ e@n-rer {4 s ) (P

¢ r—2 g 1 =1
- %(TC_ 1)!/ $@)1 = F@)]" " g (F(2)f(x)dz

and hence the result. O

Remark 2.1: Recurrence relation for single moments of order statistics (at m =0, k = 1) is

C

m—rt1) E[¢(Xrn)]

as obtained by Ali and Khan (1997).

Remark 2.2: The recurrence relation for single moments of k" record values will be
c
ElE(XM)] = ElE(XP0)]+ 7 Elg(XM)],
where Xﬁk), r=1,2,...1s 1k records.

Remark 2.3: Form =0and k = a—n+1, a € R4, we obtain the recurrence relation for single

moments of order statistics with non-integral sample size as

C

E[f(Xr:a)] = E[g(Xr—ltoz)] + m

E[¢(Xr:a)]

Remark 2.4: For m = a — 1, k = «, the recurrence relation for sequential order statistics is

E[¢{X(r,n,a—1,a)}]

C

= E[S{X(T — 1,?7,,0( — 1,0[)}} + m

Elp{X(r—1,n,a—1,a)}.

Theorem 2. Under the conditions as stated in Theorem 1
(i) EE{X(r—1,n,mk)}] — EE{X(r—1,n—1,m,k)}|

_e(m+1)(r—1)
Y17Yr

(1) E[E{X(r,n,m,k)}] — E[¢{X(r —1,n—1,m,k)}]

E[¢p{X (r,n,m,k)}].

= S E[¢{X(r,n,m, k)}].

Y1
Proof. Results can be established in view of Athar and Islam (2004) and (1.3).
Case IL: v; #v;; i #j=1,2,...,n— L. O
Theorem 3. For distribution given in (1.1) and n € N, m = (mi,ma,...,mn_1) € R™ ",

m* = (ma,ma,...,Mn_1) ER"2,2<r<n, k=1,2,...,

(i) E[E{X(r,n,m,k)}] - EIe{X(r — Ln,m,k)}] = %E[qs{X(r,n,m,k)}]-
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(i) E¢{X(r—1,n,m,k)}] — E[¢{X(r—1,n—1,m" k)}]

_ e {(r1)+§mj}E[¢{X(r,n,m,k)}].

Y1Yr

(ii) EIE{X (r,n, 7, k)}] — E[E{X(r —1,n— 1, k)}] = %E[(}S{X(r,n,m,k)}].

Proof. Proof is easy. O

Remark 2.5: Theorems 1 and 2 can be deduced from Theorem 3 by replacing m with m,
m # —1.
2.1 Examples

Recurrence relations for moments of generalized order statistics for some selected distributions are

provided below:

2.1.1 Burr Distribution

5\
F(z) = (54'1»’7) , 0<z<oo.

Here we have

ha) = In(B+a7), = >0, &) =a7t.
Then ¢(z) = @wxhrxﬂr)

Therefore from (2.1), we have

it _ BG+T) ;
EX’ T (r,n,m,k)] = Gt E[X7 (r,n,m, k)]
S G X L)

as obtained by Pawlas and Szynal (2001).

2.1.2 Power Function Distribution

We have
hz) = —in(1—2P), c=1, &=)=a"T",

then ¢(z) = % (xj+17p _ xjﬂ),

Therefore from (2.1), we get

41 _ (j+1) =P (e m,
Pir_ pix7t(r —1,n,m, k). (2.2)

pyr + (.7+1)
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At p =1 (2.2) reduces to
1 +1) j Yr j+1
B mm, b)) = — D i (b)) 4+ — 2 BIX (r — 1ymym k),
X7 v, m )] = L B, )]+ e ELX )

which is recurrence relation for uniform distribution on (0,1) as obtained by Pawlas and Szynal
(2001).

2.1.3 Pareto Distribution

We have

then ¢(z) = (j+ 1)/t
Therefore from (2.1), we have

E[X7 (r,n,m, k)] = I%E[Xjﬂ(r—l,n,m,k)]-

2.1.4 Weibull Distribution

F(x)zl—e_ezp, 0<z<o0, pbd>0.

We have h(z) = 2P, ¢ = =, &(z) =2’"", then ¢(z) = ijﬂfp.

1
0 P
Now in view of (2.1), we get

E'[Xjﬂ(r,n,m, k)] — E[XjH(r —1,n,m,k)] = % E[XjH*p(r, n,m, k)]. (2.3)

Further at p =1 and 6 = 1, (2.3) becomes

BIX (rymem, k)] — BLX = Ly, )] = 920 B0 (0, m, ),

Yr

which is the recurrence relation for moments of generalized order statistics from standard exponen-
tial distribution as given by Pawlas and Szynal (2001). Similarly recurrence relations for moments

of generalized order statistics for some other distributions may be obtained with proper choice of
h(z) and c.

3 Recurrence Relations for Functions of Two GOS
Case I: my=m;j=m;i#j=12,...=n—1

Theorem 4. For distribution given in (1.1) and n € N, m = (m1 = mg = -+ = mp_1) € R,
1<r<s<n-1,k=12,...,



Expectation Identities Based on . ..

Eg{X(r,n,m, k), X(s,n,m,k)}] — E[¢{X(r,n,m,k), X (s — 1,n,m, k)}|

99

= = E[¢p{X(r,n,m,k), X (s,n,m,k)}], (3.1)

Vs

a%é(rvyy)

r'(y)

Proof. can be established in view of Athar and Islam (2004) and (1.3).

where ¢(z,y) = , () = &1(x)a(y)-

Remark 3.1: Under the assumption given in Theorem 4 with & = 1, m = 0, we get the

recurrence relations for product moments of order statistics

c
E X’r‘n7Xs:n - E Xr:nst— n = 7E Xr:nst:n
6K, Xin)] — FIE( vl = ey Elol )
as obtained by Ali and Khan (1998).
Remark 3.2: At m = —1; we have the recurrence relation for product moments of k" record

values
Eg{X(r,n,—1,k), X(s,n,—1,k)}] — E[¢{X(r,n,—1,k), X (s — 1,n,—1,k)}]

- %E[¢{X(r,n7—1,k),X(s,n,—1,k)}].

Case IL: v; #v;;i#5j=1,2,...,n—1.

Theorem 5. For distribution given in (1.1) and for n € N, m = (my,mao,...

1<r<s<n-1,k=12,...,

Proof. Proof follows on the lines of Theorem 4.

3.1 Examples

7mn—1) € R;

Recurrence relations for product moments of generalized order statistics for some selected distribu-

tions are provided below:
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3.1.1 Burr Distribution

/B A
Fe) = (BHT) . 0<z<oo

We have,

W) = n(B+aT), e=5 >0, G@)=7' &)=y, s=r+1.

Thus ¢(z,y) = v+
Therefore from (3.1), we have

B +71) rinf (4+7) syt
T T

E[X'(r,n,m, k) X7 (r + 1,n,m, k)] = m(lj;r—% E[X"(r,n,m, k)X (r 4+ 1,n,m, k)]
AYr41T
XYrprT — (3 +7)
as obtained by Pawlas and Szynal (2001).

E[Xi+j+T (r,n,m, k)]

3.1.2 Power Function Distribution

We have
h(l’) = - ln(l - xp)’ c= 17 51(37) = xi7 52(y) = yj+17
then ¢(z,y) = U Z D (ot 177 — ot ),
Therefore from (3.1), we get
E[XZ (T7 n,m, k)Xj+l(T+17 n,m, k)} = & E[XZ (Tv n,m, k)Xj+17p(r+17 T, m, k)]

Pyr1 + (G + 1)

PYr+1 itj+1
——  F[X r,n,m,k)|.
Pyr+1 4+ (G 4+ 1) | ( )

3.1.3 Pareto Distribution

We have

Then ¢(z,y) = jz'y’.
Thus in view of (3.1)

E[Xi(’r’7n7m7k,‘)Xj(’l"+1,’[’L7m,k)] = %E[Xi“(r,n,m,k)].
r+1 —
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3.1

.4 Weibull Distribution

F(z) = 1—¢ %" 0<z<oo, p,0>0.

Webave h(z)=a7, c= b &l@)=a' &)=y md gy = LDt
p
Therefore
E[Xi(r7 n,m, k)Xj+1(r + 17 n,m, k)} = ({04»71) E[XZ(T', n,m, k)Xj+17p(7" =+ 1, n,m, k)]
PUYr+1
JrE[XiHH(r,n,m, k)].
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