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SUMMARY

In this article, we present Bayes estimators for the parameters and reliability function of
the β-Birnbaum-Saunders distribution under both the symmetric (squared error, SE) loss
function and asymmetric (LINEX and general entropy, GE) loss functions. The Bayes es-
timators can not be obtained in closed form. Approximate Bayes estimators are computed
using Lindley’s approximation technique. Posterior variance estimates are compared with
the variance of the maximum likelihood estimators (MLEs) of the parameters. The dif-
ferent loss functions are compared through posterior risk. A real data set is analyzed for
illustrative purpose.

Keywords and phrases: Bayesian estimation, Beta Birnbaum-Saunders distribution, Lind-
ley’s approximation, Symmetric and asymmetric loss functions.

1 Introduction

Motivated by the problem of damage caused by vibrations in commercial aircraft, Birnbaum and
Saunders [3] introduced a new probabilistic model for modeling the failure time due to fatigue
under cyclic loading under the assumption that the failure is due to the development and growth of a
dominant crack. This model is so called the fatigue life or two-parameter Birnbaum-Saunders (BS)
distribution. It is an attractive alternative distribution to other popular distributions such as the log-
normal, Weibull and gamma, since its derivation considers the basic characteristics of the fatigue
process.
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Cordeiro and Lemonte [7] proposed the new distribution, so called the β-Birnbaum-Saunders
(β-BS) distribution, which is an extension of the two-parameter BS distribution. This distribution
provides more flexibility to fit various types of lifetime data than the BS distribution.

The cumulative distribution function (cdf) of the β-BS distribution with α > 0, a > 0, b > 0 are
shape parameters and β > 0 is a scale parameter is defined by

F (t) = IΦ(υ)(a, b), t > 0, (1.1)

where Φ(.) is the standard normal cumulative function, υ = α−1ρ(t/β), ρ(z) = z1/2 − z−1/2,
Iy(a, b) = By(a, b)/B(a, b) is the incomplete beta function ratio,By(a, b) =

∫ y
0
ωa−1 (1− ω)

b−1
dω

is the incomplete beta function, B(a, b) = Γ(a)Γ(b)/Γ(a + b) is the beta function and Γ(.) is the
gamma function. The probability density function (pdf) corresponding to (1.1) is given by

f(t) =
k(α, β)

B(a, b)
t−3/2 (t+ β) exp

{
−τ(t/β)

2α2

}
Φ(υ)a−1{1− Φ(υ))}b−1

, (1.2)

where k(α, β) = exp
(
α−2

)
/
(
2α
√

2πβ
)

and τ(z) = z + z−1. If T is a random variable with
pdf (1.2), we write T ∼ β-BS(α, β, a, b). The β-BS model contains as sub-models the BS and
exponentiated Birnbaum-Saunders (EBS) distributions when a = b = 1 and b = 1, respectively.

Statistical inference for the parameters of the β-BS distribution has been discussed by Cordeiro
and Lemonte [7], but their work was concerned with the maximum likelihood estimation and not
work has been done in the Bayesian estimation.

Some works have been done on estimating the parameters of the BS distribution using Bayesian
techniques. Achcar [1] used Laplace’s method for approximation and different non-informative pri-
ors to derive simple expressions of the marginal posterior and predictive densities of parameters of
interest. Xu and Tang [26] proposed the Bayes estimators for the parameters of the BS distribution
under the reference prior using the method of Lindley’s approximation and Gibbs sampling proce-
dure. Xu and Tang [27] discussed Bayesian analysis of the BS distribution with partial information
based on censored samples using Gibbs sampling procedure.

This article is concerned with the Bayesian inference for the unknown parameters and reliabil-
ity function of the β-BS distribution under the SE, LINEX and GE loss functions using Lindley’s
approximation technique. This technique depends on the existence of the MLE of the parameters.
The article is organized as follows. Section 2, contains the SE as the symmetric loss function and
the LINEX and GE as the asymmetric loss functions. The Lindley’s approximation technique is
presented in Section 3. Approximate Bayes estimators for the parameters and reliability function of
the β-BS distribution under the three different loss functions are obtained in Section 4. A real data
set has been analyzed in Section 5. Section 6 ends with concluding remarks.

2 Loss Function

2.1 Symmetric Loss Function

Most of the Bayesian inference procedures have been developed under the squared error (SE) loss
function, which is frequently used due to its mathematical simplicity and the relation with classical
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procedures. The SE loss function under the assumption that the minimal loss occurs at θ̂ = θ is
defined as:

L(θ̂, θ) ∝ (θ̂ − θ)2. (2.1)

The symmetric nature of this loss function gives equal weight to overestimation as well as underes-
timation. The posterior expected loss of (2.1) is:

Eθ[L(θ̂, θ)] ∝ Eθ(θ̂ − θ)2, (2.2)

where Eθ(.) is the posterior expectation with respect to the posterior density of θ. The Bayes es-
timator θ̂BS of θ under the SE loss function is the value of θ̂ which minimizes (2.2) and is given
as:

θ̂BS = Eθ(θ|t). (2.3)

2.2 Asymmetric Loss Function

In real life situations, the real loss function is not always symmetric and hence the use of SE loss
function may be inappropriate. So this leads to think that an asymmetrical loss function may be
more appropriate.

2.2.1 Linear Exponential Loss Function (LINEX)

Varian [25] introduced a very useful asymmetric loss function known as LINEX loss function and
was widely used by several authors, among them Canfield [6], Zellner [28], Rojo [20], Basu and
Ebrahimi [2], Pandey and Rai [15], Calabria and Pulcini [5], Pandey et al. [17], Pandey [14],
Soliman([21], [22]), Nassar and Eissa [13], Soliman([23], [24]), Pandey and Rao [16] and Guure et
al. [10]. The LINEX loss function under the assumption that the minimal loss occurs at θ̂ = θ can
be expressed as:

L(∆) ∝ exp(p∆)− p∆− 1; p 6= 0, (2.4)

where ∆ = θ̂ − θ and θ̂ is an estimate of θ. The sign and magnitude of the shape parameter
p represent the direction and degree of symmetry, respectively. (If p > 0, means overestimation
is more serious than underestimation, and vice-versa). For p u 0, the LINEX loss function is
approximately the SE loss function and therefore almost symmetric. The posterior expectation of
the LINEX loss function (2.4) is:

Eθ[L(θ̂ − θ)] ∝ exp(pθ̂)Eθ[exp(−pθ)]− p[θ̂ − Eθ(θ)]− 1. (2.5)

The Bayes estimator θ̂BL of θ under the LINEX loss function is the value of θ̂ which minimizes
(2.5) and is given as:

θ̂BL = −1

p
lnEθ[exp(−pθ)], (2.6)

provided that Eθ[exp(−pθ)] exists and is finite.
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2.2.2 General Entropy Loss Function

Another useful alternative asymmetric loss function to the modified LINEX loss function is the
general entropy (GE) loss function was proposed by Calabria and Pulcini [4] and is defined as:

L(θ̂, θ) ∝

(
θ̂

θ

)q
− q ln

(
θ̂

θ

)
− 1 (2.7)

which has a minimum at θ̂ = θ. This loss function is a generalization of the entropy loss function
used by Dey et al. [8], Dey and Liu [9], Parsian and Nematollahi [18] and Li and Ren [11] by taking
the shape parameter q = 1. When q > 0 a positive error causes more serious consequences than a
negative error, and vice-versa. The Bayes estimator θ̂BG of θ under the GE loss function is:

θ̂BG =
[
Eθ(θ

−q)
]− 1

q , (2.8)

provided that Eθ(θ−q) exists and is finite. It can be shown that (see Calabria and Pulcini [4]):

• When q = 1, the Bayes estimate (2.8) coincides with the Bayes estimate under the weighted
squared error loss function.

• When q = −1, the Bayes estimate (2.8) coincides with the Bayes estimate under the SE loss
function.

3 Lindley’s Procedure
Lindley [12] developed approximate procedure for evaluation of the ratio of integrals of the form∫

ω(θ) exp
[
`(θ)

]
dθ∫

υ(θ) exp
[
`(θ)

]
dθ
, (3.1)

where θ = (θ1, θ2, . . . , θm) is a parameter, `(θ) is the logarithm of the likelihood function, and ω(θ)

and υ(θ) are arbitrary functions of θ. If υ(θ) is the prior density of θ and ω(θ) = u(θ)υ(θ), then
(3.1) yields the posterior expectation of u(θ) and can be written as:

E[u(θ)|t] =

∫
u(θ) exp

[
`(θ) + ρ(θ)

]
dθ∫

exp
[
`(θ) + ρ(θ)

]
dθ

, (3.2)

where ρ(θ) = ln υ(θ). Eq.(3.2) can be asymptotically approximated by

E[u(θ)|t] =

u+
1

2

∑
i

∑
j

(uij + 2uiρj)σij +
1

2

∑
i

∑
j

∑
k

∑
l

`ijkσijσklul


θ̂

(3.3)

+ terms of order n−2 or smaller,

where i, j, k, l = 1, 2, . . . ,m, θ̂ is the MLE of θ, u = u(θ), ui = ∂u/∂θi, uij = ∂2u/∂θi∂θj ,
`ijk = ∂3`/∂θi∂θj∂θk, ρj = ∂ρ/∂θj and σij is the (i, j)th element of the variance-covariance
matrix of the parameters.
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4 Bayesian Estimation
In this section, we consider the Bayes estimators for the unknown parameters and reliability function
of the β-BS distribution under the SE, LINEX and GE loss functions. Let t = (t1, t2, . . . , tn) be
a random sample of size n from β-BS distribution with pdf (1.2). The likelihood function can be
written as:

L(t|α, β, a, b) =

[
k(α, β)

B(a, b)

]n n∏
i=1

ti
− 3

2 (ti + β) exp
{
−τ(ti/β)

2α2

}
Φ(υi)

a−1{1− Φ(υi)}b−1. (4.1)

Xu and Tang [27] considered two scenarios for the joint prior densities of (α, β) as following

π1(α, β) = π(α|β)π(β) and π2(α, β) = π(β|α)π(α), (4.2)

where π(α|β) = 1/α, π(β|α) = 1/β, π(α) ∝ α−2a1−2 exp(−b1/α2), π(β) ∝ β−a2−1 exp(−b2/β)

and ai, bi > 0, for i = 1, 2. For more details see Xu and Tang [27]. We next consider an independent
non-informative priors for a and b as following

π(a) = 1/a and π(b) = 1/b. (4.3)

Thus, the joint prior densities of (α, β, a, b) can be written as

π1(α, β, a, b) = π(α|β)π(β)π(a)π(b) and π2(α, β, a, b) = π(β|α)π(α)π(a)π(b). (4.4)

For simplicity, we can define the joint prior density of (α, β, a, b) as

π(α, β, a, b) = [π1(α, β, a, b)]δ[π2(α, β, a, b)]1−δ, (4.5)

where

π(α, β, a, b) =

 π1(α, β, a, b) for δ = 1,

π2(α, β, a, b) for δ = 0.

Combining the likelihood function (4.1) and the joint prior density (4.5), then the joint posterior
density of (α, β, a, b) can be written as

π(α, β, a, b|t) ∝ L(t|α, β, a, b)π(α, β, a, b) = KL(t|α, β, a, b)π(α, β, a, b), (4.6)

where K is the normalizing constant given by

K−1 =

∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0

L(t|α, β, a, b)π(α, β, a, b)dα dβ da db.

The Bayes estimator of an arbitrary function u(θ) of the unknown parameters θ under SE loss
function is the posterior expectation of that function. If we have θ = (α, β, a, b), then

E [u(α, β, a, b)|t] =

∫∞
0

∫∞
0

∫∞
0

∫∞
0
u(α, β, a, b)L(t|α, β, a, b)π(α, β, a, b) dα dβ da db∫∞

0

∫∞
0

∫∞
0

∫∞
0
L(t|α, β, a, b)π(α, β, a, b) dα dβ da db

. (4.7)
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The ratio of integrals in (4.7) does not seem to take a closed form, therefore an application of ap-
proximation techniques is suitable for solving such problems. We suggest Lindley’s approximation
procedure to evaluate the Bayes estimates of the unknown parameters.

The posterior variance of the function u(θ) is given by:

V ar [u(α, β, a, b)|t] = E
[
u(α, β, a, b)2|t

]
− (E [u(α, β, a, b)|t])2. (4.8)

In our case, for m = 4, where θ ≡ (θ1, θ2, θ3, θ4) = (α, β, a, b), Eq. (3.3) reduces to

E [u(α, β, a, b)|t] = u+ (u1a1 + u2a2 + u3a3 + u4a4 + a5 + a6) +
1

2

[
A(u1σ11 + u2σ12 + u3σ13 + u4σ14)

+B(u1σ21 + u2σ22 + u3σ23 + u4σ24) + C(u1σ31 + u2σ32 + u3σ33 + u4σ34)

+D(u1σ41 + u2σ42 + u3σ43 + u4σ44)

]
, (4.9)

evaluated at θ̂ = (α̂, β̂, â, b̂), where

ai = ρ1σi1 + ρ2σi2 + ρ3σi3 + ρ4σi4, i = 1, 2, 3, 4

a5 = (u12σ12 + u13σ13 + u14σ14 + u23σ23 + u24σ24 + u34σ34)

a6 =
1

2
(u11σ11 + u22σ22 + u33σ33 + u44σ44)

A = σ11`111 + σ22`221 + σ33`331 + σ44`441 + 2
(
σ12`121 + σ13`131 + σ14`141 + σ23`231 + σ24`241 + σ34`341

)
B = σ11`112 + σ22`222 + σ33`332 + σ44`442 + 2

(
σ12`122 + σ13`132 + σ14`142 + σ23`232 + σ24`242 + σ34`342

)
C = σ11`113 + σ22`223 + σ33`333 + σ44`443 + 2

(
σ12`123 + σ13`133 + σ14`143 + σ23`233 + σ24`243 + σ34`343

)
D = σ11`114 + σ22`224 + σ33`334 + σ44`444 + 2

(
σ12`124 + σ13`134 + σ14`144 + σ23`234 + σ24`244 + σ34`344

)
and the subscripts 1, 2, 3, 4 on the right-hand sides refer to α, β, a, b respectively.

For the prior distribution (4.5),
Case δ = 1, we have

ρ = lnπ1(α, β, a, b) = constant−
[
lnα+ (a2 + 1) lnβ +

b2
β

+ ln a+ ln b

]
.

Therefore,

ρ1 =
∂ρ

∂α
= − 1

α
, ρ2 =

∂ρ

∂β
= − (a2 + 1)

β
+
b2
β2
, ρ3 =

∂ρ

∂a
= −1

a
, ρ4 =

∂ρ

∂b
= −1

b
.

Case δ = 0, we have

ρ = lnπ2(α, β, a, b) = constant−
[
2(a1 + 1) lnα+

b1
α2

+ lnβ + ln a+ ln b

]
.
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Therefore,

ρ1 =
∂ρ

∂α
= −2(a1 + 1)

α
+

2b1
α3

, ρ2 =
∂ρ

∂β
= − 1

β
, ρ3 =

∂ρ

∂a
= −1

a
, ρ4 =

∂ρ

∂b
= −1

b
.

The derived `ij , i, j = 1, 2, 3, 4 and `ijk, i, j, k = 1, 2, 3, 4 are given in the Appendix A. Now,
we obtain the Bayes estimates of α, β, a and b under the following loss functions:

1. SE loss function

(a) If u(α, β, a, b) = α, substituting it in (4.9), we get

α̂BS = α+ a1 +
1

2

[
Aσ11 +Bσ21 + Cσ31 +Dσ41

]
. (4.10)

(b) If u(α, β, a, b) = β, substituting it in (4.9), we get

β̂BS = β + a2 +
1

2

[
Aσ12 +Bσ22 + Cσ32 +Dσ42

]
. (4.11)

(c) If u(α, β, a, b) = a, substituting it in (4.9), we get

âBS = a+ a3 +
1

2

[
Aσ13 +Bσ23 + Cσ33 +Dσ43

]
. (4.12)

(d) If u(α, β, a, b) = b, substituting it in (4.9), we get

b̂BS = b+ a4 +
1

2

[
Aσ14 +Bσ24 + Cσ34 +Dσ44

]
. (4.13)

Also, let u(α, β, a, b) = α2, substituting it in (4.9), we get

E
[
α̂2
BS |t

]
= α2 + 2αa1 + σ11 + α

[
Aσ11 +Bσ21 + Cσ31 +Dσ41

]
. (4.14)

Hence the posterior variance from (4.8) is

V ar [α̂BS |t] = E
[
α̂2
BS |t

]
− (E [α̂BS |t])2

= σ11 −
(
a1 +

1

2

[
Aσ11 +Bσ21 + Cσ31 +Dσ41

])2

(4.15)

< σ̂11.

Similarly,

V ar[β̂BS |t] < σ̂22, V ar [âBS |t] < σ̂33, V ar[b̂BS |t] < σ̂44.

2. LINEX loss function



80 Sayed, Elsherpieny & El-Fahham

(a) If u(α, β, a, b) = exp(−pα), substituting it in (4.9), then the BL estimate of α from
(2.6) is

α̂BL = α− 1

p
ln

{
1− p(a1 −

pσ11

2
+

1

2
[Aσ11 +Bσ21 + Cσ31 +Dσ41])

}
. (4.16)

(b) If u(α, β, a, b) = exp(−pβ), substituting it in (4.9), then the BL estimate of β from
(2.6) is

β̂BL = β− 1

p
ln

{
1−p

(
a2 −

pσ22

2
+

1

2

[
Aσ12 +Bσ22 + Cσ32 +Dσ42

])}
. (4.17)

(c) If u(α, β, a, b) = exp(−pa), substituting it in (4.9), then the BL estimate of a from
(2.6) is

âBL = a− 1

p
ln

{
1−p

(
a3 −

pσ33

2
+

1

2

[
Aσ13 +Bσ23 + Cσ33 +Dσ43

])}
. (4.18)

(d) If u(α, β, a, b) = exp(−pb), substituting it in (4.9), then theBL estimate of b from (2.6)
is

b̂BL = b− 1

p
ln

{
1− p

(
a4 −

pσ44

2
+

1

2

[
Aσ14 +Bσ24 + Cσ34 +Dσ44

])}
. (4.19)

3. GE loss function

(a) If u(α, β, a, b) = α−q , substituting it in (4.9), then the BG estimate of α from (2.8) is

α̂BG = α{1− q

α
(a1 −

(q + 1)σ11

2α
+

1

2
[Aσ11 +Bσ21 +Cσ31 +Dσ41])}−

1
q . (4.20)

(b) If u(α, β, a, b) = β−q , substituting it in (4.9), then the BG estimate of β from (2.8) is

β̂BG = β{1− q

β
(a2 −

(q + 1)σ22

2β
+

1

2
[Aσ12 +Bσ22 + Cσ32 +Dσ42])}−

1
q . (4.21)

(c) If u(α, β, a, b) = a−q , substituting it in (4.9), then the BG estimate of a from (2.8) is

âBG = a{1− q

a
(a3 −

(q + 1)σ33

2a
+

1

2
[Aσ13 +Bσ23 + Cσ33 +Dσ43])}−

1
q . (4.22)

(d) If u(α, β, a, b) = b−q , substituting it in (4.9), then the BG estimate of b from (2.8) is

b̂BG = b{1− q

b
(a4 −

(q + 1)σ44

2b
+

1

2
[Aσ14 +Bσ24 + Cσ34 +Dσ44])}−

1
q . (4.23)
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To estimate the reliability functionR(t) under the SE loss function, we substitute u(α, β, a, b) =

R(t) = 1− F (t) in (4.9), where F (t) given in (1.1).
In (4.9), if u(α, β, a, b) = exp[−pR(t)] and u(α, β, a, b) = R(t)−q , then the BL and BG

estimates of the reliability function R(t) are given from (2.6) and (2.8), respectively.
On differentiating u(α, β, a, b) with respect to the parameters α, β, a and b under the SE, LINEX

and GE loss functions, the derived ui and uij , i, j = 1, 2, 3, 4 are given in Appendix B.
Keep in mind that the BS estimators given by Eq. (4.10) to (4.13), (4.14) and (4.15), BL

estimators given by Eq. (4.16) to (4.19), BG estimators given by Eq. (4.20) to (4.23) and Bayes
estimators of the reliability function are evaluated at (α̂, β̂, â, b̂).

5 Illustrative Example

To illustrate our results given in this paper we use a real data set from Proschan [19] consisting of
the number of successive failures for the air conditioning system of each member in a fleet of 13
Boeing 720 jet airplanes. This set has been used by Cordeiro and Lemonte [7] to show that the β-BS
distribution fits the lifetime data better than the BS distribution. The data are presented in Table 1.

Table 1: Number of successive failures for the air conditioning system

194 413 90 74 55 23 97 50 359 50 130 487 57

102 15 14 10 57 320 261 51 44 9 254 493 33

18 209 41 58 60 48 56 87 11 102 12 5 14

14 29 37 186 29 104 7 4 72 270 283 7 61

100 61 502 220 120 141 22 603 35 98 54 100 11

181 65 49 12 239 14 18 39 3 12 5 32 9

438 43 134 184 20 386 182 71 80 188 230 152 5

36 79 59 33 246 1 79 3 27 201 84 27 156

21 16 88 130 14 118 44 15 42 106 46 230 26

59 153 104 20 206 5 66 34 29 26 35 5 82

31 118 326 12 54 36 34 18 25 120 31 22 18

216 139 67 310 3 46 210 57 76 14 111 97 62

39 30 7 44 11 63 23 22 23 14 18 13 34

16 18 130 90 163 208 1 24 70 16 101 52 208

95 62 11 191 14 71

The MLEs for the parameters of the β-BS and BS distributions as obtained by Cordeiro and
Lemonte [7] and we obtained the MLEs for the parameters of the EBS distribution using a Newton-
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Raphson method. The MLE of the reliability function of the β-BS distribution is given after replac-
ing α, β, a and b by α̂, β̂, â and b̂. For given values of hyperparameters (a1 = a2 = b1 = b2 = 0.01),
the approximate BS, BL and BG estimators for the parameters of the β-BS distribution are com-
puted using (4.10)-(4.13), (4.16)-(4.19) and (4.20)-(4.23) under the two scenarios for the joint prior
densities (4.4), respectively. Also we computed the Bayes estimators for the parameters of the EBS
and BS distributions as special cases. All the computations were done using the Mathcad software.

The MLEs and Bayes estimates (BS,BL,BG) for the parameters of the β-BS, EBS and BS
distributions are listed in Table 2, Table 3 and Table 4, respectively, with the variance of MLEs and
the posterior risk of the SE, LINEX and GE loss functions (in parenthesis). Table 5 contains the
MLE and Bayes estimates (BS,BL,BG) of the reliability function of the β-BS distribution with
the posterior risk of three loss functions (in parenthesis).

From Tables 2, 3, 4 and 5 some features can be summarized as follows:

1. Both priors perform well.

2. To show the effect of the shape parameters p and q, we observed that the asymmetric Bayes
estimates (BL,BG) of the parameters of the β-BS distribution and sub-models (EBS and BS
distributions): for (p > 0, q > −1) are underestimates, (p < 0, q < −1) are overestimates
and (p u 0, q = −1) are the same as the SE loss Bayes estimates.

3. The performance of the Lindley’s procedure decreases as the number of parameters increases.

4. The approximate BS estimates of the reliability function at t = 5, 10, 30 are smaller than
(larger than) MLE when δ = 1 (δ = 0) and its (BL,BG) estimates are smaller than or larger
than MLE depending on p and q. Increasing the values p and q result in decreasing values of
the reliability estimates. Noted that, at t = 50 or greater the Bayes estimates of the reliability
function are larger than MLE.

5. On comparing the variance of MLEs and the posterior variance estimates of SE loss function,
the BS estimates have smaller variance than the MLEs.

6. The posterior risk of the LINEX loss function decreasing when p approach to zero.

7. The posterior risk of the GE loss function increasing when q is positive and its value increase
and when q is negative the posterior risk decreasing for q > −1 and increasing for q < −1.

8. As example for (p u 0, q = −1) to compare the posterior risk of SE, LINEX and GE loss
functions, we observed that the LINEX loss function has less posterior risk than the other loss
functions, so we conclude that LINEX loss function is more preferable loss function.

6 Concluding Remarks

In this article, we have studied the Bayesian inference procedure for the parameters and reliability
function of the β-BS distribution under the symmetric (SE) and asymmetric (LINEX and GE) loss
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functions. Because of the Bayes estimates can not be obtained in explicit forms, we have used Lind-
ley’s approximation technique which is easy to use and does not require innovative programming
and expensive computer time. It is observed that the posterior variance estimates are smaller than the
variance of the MLEs. Also we observed the BL and BG estimates of the parameters and reliability
function and the posterior risk of LINEX and GE loss functions affected by the shape parameters p
and q. One of the useful properties of working with the LINEX and GE loss functions are the BL
and BG estimates are the same BS estimates when (p u 0, q = −1).
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Appendix A
From (4.1), we have

`(t|α, β, a, b) = n ln{k(α, β)} − n ln{B(a, b)} − 3

2

n∑
i=1

ln(ti) +

n∑
i=1

ln(ti + β)− 1

2α2

n∑
i=1

τ(t∗i )

+ (a− 1)

n∑
i=1

ln{Φ(υi)}+ (b− 1)

n∑
i=1

ln{1− Φ(υi)}.

Therefore, we obtain

`1 = −n
α

(
1 +

2

α2

)
+

1

α3

n∑
i=1

τ(t∗i )−
1

α

n∑
i=1

υi φ(υi)

{
(a− 1)

Φ(υi)
− (b− 1)

[1− Φ(υi)]

}
,

`2 = − n

2β
+

n∑
i=1

1

ti + β
+

1

2α2β

n∑
i=1

ρ(t∗2i )− 1

2αβ

n∑
i=1

τ
(√

t∗i

)
φ(υi)

{
(a− 1)

Φ(υi)
− (b− 1)

[1− Φ(υi)]

}
,

`3 = − n{ψ(a)− ψ(a+ b)}+

n∑
i=1

ln
{

Φ(υi)
}
,

`4 = − n{ψ(b)− ψ(a+ b)}+

n∑
i=1

ln
{

1− Φ(υi)
}
,

`11 =
n

α2
+

6n

α4
− 3

α4

n∑
i=1

τ(t∗i )−
(a− 1)

α2

n∑
i=1

{
υiφ(υi)

Φ(υi)

(
υ2
i − 2

)
+
υ2
i φ(υi)

2

Φ(υi)2

}

+
(b− 1)

α2

n∑
i=1

{
υiφ(υi)

[1− Φ(υi)]

(
υ2
i − 2

)
− υ2

i φ(υi)
2

[1− Φ(υi)]2

}
,

`12 = − 1

α3β

n∑
i=1

ρ(t∗2i )− (a− 1)

2α2β

n∑
i=1

{
τ(
√
t∗i )φ(υi)

Φ(υi)

(
υ2
i − 1

)
+
υiτ(

√
t∗i )φ(υi)

2

Φ(υi)2

}

+
(b− 1)

2α2β

n∑
i=1

{
τ(
√
t∗i )φ(υi)

[1− Φ(υi)]

(
υ2
i − 1

)
−
υiτ(

√
t∗i )φ(υi)

2

[1− Φ(υi)]2

}
,

`13 = − 1

α

n∑
i=1

υiφ(υi)

Φ(υi)
, `14 =

1

α

n∑
i=1

υiφ(υi)

[1− Φ(υi)]
,

`22 =
n

2β2
−

n∑
i=1

1

(ti + β)2
− 1

α2β3

n∑
i=1

ti +
(a− 1)

4α2β2

n∑
i=1

{
φ(υi)

Φ(υi)

(
−υiτ(

√
t∗i )

2 + α2υi + 2ατ(
√
t∗i )
)

−
τ(
√
t∗i )

2φ(υi)
2

Φ(υi)2

}
+

(b− 1)

4α2β2

n∑
i=1

{
φ(υi)

[1− Φ(υi)]

(
υiτ(

√
t∗i )

2 − α2υi − 2ατ(
√
t∗i )
)

−
τ(
√
t∗i )

2φ(υi)
2

[1− Φ(υi)]2

}
,
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`23 = − 1

2αβ

n∑
i=1

τ(
√
t∗i )φ(υi)

Φ(υi)
, `24 =

1

2αβ

n∑
i=1

τ(
√
t∗i )φ(υi)

[1− Φ(υi)]
, `33 = −n{ψ(1)(a)− ψ(1)(a+ b)},

`34 = n ψ(1)(a+ b), `44 = −n{ψ(1)(b)− ψ(1)(a+ b)},

`111 = −2n(α2 + 12)

α5
+

12

α5

n∑
i=1

τ(t∗i )−
(a− 1)

α3

n∑
i=1

{
υiφ(υi)

Φ(υi)

(
υ4
i − 7υ2

i + 6
)

+
3υ2
i φ(υi)

2

Φ(υi)2

(
υ2
i − 2

)
+

2υ3
i φ(υi)

3

Φ(υi)3

}

+
(b− 1)

α3

n∑
i=1

{
υiφ(υi)

[1− Φ(υi)]

(
υ4
i − 7υ2

i + 6
)
− 3υ2

i φ(υi)
2

[1− Φ(υi)]2
(
υ2
i − 2

)
+

2υ3
i φ(υi)

3

[1− Φ(υi)]3

}
,

`112 =
3

α4

n∑
i=1

(
ti
β2
− 1

ti

)
− (a− 1)

α3β

n∑
i=1

{
τ(
√
t∗i )φ(υi)

Φ(υi)

(
1

2
υ4
i −

5

2
υ2
i + 1

)
+
τ(
√
t∗i )φ(υi)

2

Φ(υi)2

(
3

2
υ3
i − 2υi

)

+
υ2
i τ(
√
t∗i )φ(υi)

3

Φ(υi)3

}
+

(b− 1)

α3β

n∑
i=1

{
τ(
√
t∗i )φ(υi)

[1− Φ(υi)]

(
1

2
υ4
i −

5

2
υ2
i + 1

)
−
τ(
√
t∗i )φ(υi)

2

[1− Φ(υi)]2

(
3

2
υ3
i − 2υi

)

+
υ2
i τ(
√
t∗i )φ(υi)

3

[1− Φ(υi)]3

}
,

`113 = − 1

α2

n∑
i=1

{
υiφ(υi)

Φ(υi)

(
υ2
i − 2

)
+
υ2
i φ(υi)

2

Φ(υi)2

}
, `114 =

1

α2

n∑
i=1

{
υiφ(υi)

[1− Φ(υi)]

(
υ2
i − 2

)
− υ2

i φ(υi)
2

[1− Φ(υi)]2

}
,

`221 =
2

α3β3

n∑
i=1

ti +
(a− 1)

4α3β2

n∑
i=1

{
φ(υi)

Φ(υi)

(
−υiτ(

√
t∗i )

2(υ2
i − 3) + α(αυi + 2τ(

√
t∗i ))(υ

2
i − 1)

)
+
φ(υi)

2

Φ(υi)2

×
(
−τ(

√
t∗i )

2(3υ2
i − 2) + αυi(αυi + 2τ(

√
t∗i ))

)
−

2υiτ(
√
t∗i )

2φ(υi)
3

Φ(υi)3

}

+
(b− 1)

4α3β2

n∑
i=1

{
φ(υi)

[1− Φ(υi)]

(
υiτ(

√
t∗i )

2(υ2
i − 3)− α(αυi + 2τ(

√
t∗i ))(υ

2
i − 1)

)
+

φ(υi)
2

[1− Φ(υi)]2

×
(
−τ(

√
t∗i )

2(3υ2
i − 2) + αυi(αυi + 2τ(

√
t∗i ))

)
+

2υiτ(
√
t∗i )

2φ(υi)
3

[1− Φ(υi)]3

}
,
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`222 = − n

β3
+ 2

n∑
i=1

1

(ti + β)3
+

3

α2β4

n∑
i=1

ti +
(a− 1)

8α3β3

n∑
i=1

{
φ(υi)

Φ(υi)

(
−τ(

√
t∗i )

3(υ2
i − 1) + 3α2τ(

√
t∗i )(υ

2
i − 3)

+ 6αυi(τ(
√
t∗i )

2 − α2)

)
+

3τ(
√
t∗i )φ(υi)

2

Φ(υi)2

(
−υiτ(

√
t∗i )

2 + 2ατ(
√
t∗i ) + α2υi

)
−

2τ(
√
t∗i )

3φ(υi)
3

Φ(υi)3

}

+
(b− 1)

8α3β3

n∑
i=1

{
φ(υi)

[1− Φ(υi)]

(
τ(
√
t∗i )

3(υ2
i − 1)− 3α2τ(

√
t∗i )(υ

2
i − 3)− 6αυi(τ(

√
t∗i )

2 − α2)

)

+
3τ(
√
t∗i )φ(υi)

2

[1− Φ(υi)]2

(
−υiτ(

√
t∗i )

2 + 2ατ(
√
t∗i ) + α2υi

)
+

2τ(
√
t∗i )

3φ(υi)
3

[1− Φ(υi)]3

}
,

`223 =
1

4α2β2

n∑
i=1

{
φ(υi)

Φ(υi)

(
−υiτ(

√
t∗i )

2 + α2υi + 2ατ(
√
t∗i )
)
−
τ(
√
t∗i )

2φ(υi)
2

Φ(υi)2

}
,

`224 =
1

4α2β2

n∑
i=1

{
φ(υi)

[1− Φ(υi)]

(
υiτ(

√
t∗i )

2 − α2υi − 2ατ(
√
t∗i )
)
−
τ(
√
t∗i )

2φ(υi)
2

[1− Φ(υi)]2

}
,

`331 = 0, `332 = 0, `333 = − n{ψ2(a)− ψ2(a+ b)}, `334 = nψ2(a+ b), `441 = 0, `442 = 0,

`443 = nψ2(a+ b), `444 = − n{ψ2(b)− ψ2(a+ b)},

`123 = − 1

2α2β

n∑
i=1

{
τ(
√
t∗i )φ(υi)

Φ(υi)

(
υ2
i − 1

)
+
υiτ(

√
t∗i )φ(υi)

2

Φ(υi)2

}
,

`124 =
1

2α2β

n∑
i=1

{
τ(
√
t∗i )φ(υi)

[1− Φ(υi)]

(
υ2
i − 1

)
−
υiτ(

√
t∗i )φ(υi)

2

[1− Φ(υi)]2

}
, `134 = 0, `234 = 0,

where t∗i = (ti/β), φ(·) is the standard normal density function, ψ(.) is the digamma function,
ψ(1)(.) is the second of the polygamma functions (trigamma function) and ψ(2)(.) is the third of the
polygamma functions. The σ̂ij are the variance-covariance matrix of (α̂, β̂, â, b̂) are given as the
elements in the inverse of the matrix {−`ij} all evaluated at (α̂, β̂, â, b̂). Putting a = b = 1 and
b = 1 in the above equations, we can get the first, second and third derivatives from the BS and EBS
distributions, respectively.

Appendix B

• SE loss function: If u(α, β, a, b) = R(t) =
[
1− IΦ(υ)(a, b)

]
.
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Therefore, we obtain

u1 = M,u2 = N, u3 = Fa, u4 = −Fb, u11 =
υ φ(υ)M

α

{
(b− 1)

[1− Φ(υ)]
− (a− 1)

Φ(υ)

}
+
M

α

{
υ2 − 2

}
,

u12 =
υ φ(υ)N

α

{
(b− 1)

[1− Φ(υ)]
− (a− 1)

Φ(υ)

}
+
N

α

{
υ2 − 1

}
,

u13 = M
{

ln {Φ(υ)} − ψ(a) + ψ(a+ b)
}
, u14 = −M

{
− ln {1− Φ(υ)}+ ψ(b)− ψ(a+ b)

}
,

u22 = − 1

β

{αM
4β

+N
}
− τ(

√
t∗)φ(υ)N

2βα

{
(a− 1)

Φ(υ)
− (b− 1)

[1− Φ(υ)]

}
+
M

α

{
τ(
√
t∗)

2β

}2

,

u23 = N
{

ln {Φ(υ)} − ψ(a) + ψ(a+ b)
}
, u24 = −N

{
− ln {1− Φ(υ)}+ ψ(b)− ψ(a+ b)

}
,

u33 =
2Φ(υ)a Γ(a)2

3F̃2(Φ(υ))

B(a, b)

{
ln {Φ(υ)}+ ψ(a+ b)

}
− IΦ(υ)(a, b)

{[
ln {Φ(υ)} − ψ(a) + ψ(a+ b)

]2
+
[
ψ(1)(a+ b)− ψ(1)(a)

]}

+
Φ(υ)a Γ(a)2

B(a, b)

{
3F̃

({0,0,0},{0,1},0)
2 (Φ(υ)) + 3F̃

({0,0,0},{1,0},0)
2 (Φ(υ))

+ 3F̃
({0,1,0},{0,0},0)
2 (Φ(υ)) + 3F̃

({1,0,0},{0,0},0)
2 (Φ(υ))

}
,

u34 = −Fb
{

ln {Φ(υ)} − ψ(a) + ψ(a+ b)
}
− IΦ(υ)(a, b) ψ

(1)(a+ b)

− Φ(υ)a Γ(a)2

B(a, b)

{[
ψ(b)− ψ(a+ b)

]
3F̃2(Φ(υ)) + 3F̃

({0,0,1},{0,0},0)
2 (Φ(υ))

}
,

u44 = −2[1− Φ(υ)]b Γ(b)2
3F̃2(1− Φ(υ))

B(a, b)

{
ln {1− Φ(υ)}+ ψ(a+ b)

}
+ I1−Φ(υ)(b, a)

{[
− ln {1− Φ(υ)}+ ψ(b)− ψ(a+ b)

]2
−
[
ψ(1)(b)− ψ(1)(a+ b)

]}

− [1− Φ(υ)]b Γ(b)2

B(a, b)

{
3F̃

({0,0,0},{0,1},0)
2 (1− Φ(υ)) + 3F̃

({0,0,0},{1,0},0)
2 (1− Φ(υ))

3F̃
({0,1,0},{0,0},0)
2 (1− Φ(υ)) + 3F̃

({1,0,0},{0,0},0)
2 (1− Φ(υ))

}
,

where

M =

{
υr φ(υr) Φ(υr)

a−1
[1− Φ(υr)]

b−1

αB(a, b)

}
, N =

{
τ (
√
t∗r)φ(υr)Φ(υr)

a−1
[1− Φ(υr)]

b−1

2βαB(a, b)

}
,
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Fa =

{
Φ(υr)

a Γ(a)2
3F̃2(Φ(υr))

B(a, b)
− IΦ(υr)(a, b)

[
ln {Φ(υr)} − ψ(a) + ψ(a+ b)

]}

Fb =
[1− Φ(υr)]

b Γ(b)2
3F̃2(1− Φ(υr)) +B1−Φ(υr)(b, a)

[
− ln {1− Φ(υr)}+ ψ(b)− ψ(a+ b)

]
B(a, b)

pF̃
({1,0,...,0},{0,...,0},0)
q (a1, . . . , ap; b1, . . . , bq; z) =

∂ pF̃q(a1, . . . , ap; b1, . . . , bq; z)

∂a1

pF̃
({0,...,0},{1,0,...,0},0)
q (a1, . . . , ap; b1, . . . , bq; z) =

∂ pF̃q(a1, . . . , ap; b1, . . . , bq; z)

∂b1
.

The differentiation of regularized hypergeometric function can be found in the Wolfram web-
site. 1

• LINEX loss function: If u(α, β, a, b) = exp [−pR(t)]. Therefore, we obtain

u1 = −p
(
∂R(t)

∂α

)
exp [−pR(t)] , similarly ui, i = 2, 3, 4

u11 = p exp [−pR(t)]

{
p

(
∂R(t)

∂α

)2

−
(
∂2R(t)

∂α2

)}
, similarly uij , i, j = 1, 2, 3, 4.

• GE loss function: If u(α, β, a, b) = R(t)−q .

Therefore, we obtain

u1 = −qR(t)−(q+1)

(
∂R(t)

∂α

)
, similarly ui, i = 2, 3, 4

u11 = qR(t)−(q+1)

{
(q + 1)

R(t)

(
∂R(t)

∂α

)2

−
(
∂2R(t)

∂α2

)}
, similarly uij , i, j = 1, 2, 3, 4.

and the subscripts 1, 2, 3, 4 on the left-hand sides refer to α, β, a, b respectively.
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