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ABSTRACT

This paper considers the L-estimation of regression and scale parameter of the linear model
Y = fol, + XB + oe, where [ is the intercept parameters and o is the scale in the
model, based on k(< n) optimum regression quantiles as defined by Koenker and Bassett
(1978). In addition, the paper contains the trimmed estimation problem with continuous
weight functions, the estimation of conditional regression function and the related optimum
regression quantiles.

1 Introduction

Consider the model
Yn><1 = ﬁOlnxl + XnXpﬂpxl + oepxi,

where E(e,x1) = 0 and E(e, « € 1xn) = 0°L,, and the components of e,,; are independent and
distributed with the cdf F{y which is known. Our basic problem is the estimation of the parameter
(B';0) = (Bo, - ., Bp; o) based on the observation vector Y and the design matrix D,, = (1,,|X).
For the location submodel i.e. when X = 0, Ogawa (1951) developed the procedure of estimation
the location and the scale parameters jointly as well as singly, based on a few selected sample quan-
tiles. Subsequently, many authors like Sarhan and Greenberg (1962), Saleh (1992), Saleh (1981),
Saleh and Ali (1966), and Harter (1963), among many others followed the procedure for various
specific distributions and obtained a few optimum sample quantiles for the estimation of location
and scale parameters of Fj.

Recently, Koenker and Bassett (1978) introduced the concept of regression quantiles as an ex-
tension of the sample quantiles to the linear model. This concept seems to provide a reasonable basis
not only the construction of robust L-estimators of regression parameters but also develops robust
test of the linear hypothesis. Koenker and Bassett (1978) also suggested the trimmed least squares
estimator as an extension of the trimmed mean to the linear model. This idea has later been stud-
ied by Ruppert and Caroll (1980). They also derived the Bahadur type representation of regression
quantiles up to order O, (n~1/2) which is also extended to order O, (n /%) by Jureckova (1984).
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The trimmed least-squares estimation with continuous weight function have also been pursued by
Koenker and Portnoy (1987) and extended by Guttenbrunner and Jureckova (1992).

The object of this paper is to propose estimation of (3, ) based on a few selected (optimum)
regression quantiles extending the idea of Theorem 4.3 of Koenker and Bassett (1978) from the
location scale model to the linear model.

2 Estimation of (3', o) based on a few selected regression quan-
tiles

P
LetYi, ..., Y, beindependent observations Y; is distributed according to Fy[(y—Bo— > ;5i) /0],
i=1
where Fj is known and absolutely continuous having pdf f; which is non-negative and o is the
unknown scale parameter while D,, = (1,]|X) is a known design matrix satisfying the following
conditions
(i) limZ,; = z;, (i) limn 'D,D, =C, a(p+1) x (p+ 1) matrix.
n—

Let Qo(A) denote the quantile-function of the distribution Fy corresponding to the spacing
A (0 < A< 1)and go(A) = fo(Qo(N)) be the density-quantile function. Assume that n is large
and k(< n) is a given integer. Consider the k fixed spacings Aq, ..., Ay satisfying the relation
0 < A1 < --- < A < 1 and consider the k-regression quantiles 5;(A1),...,5;(As) (7 =0,...,p)
which are the solution of the minimization problem

ZPM (Y; — Bo — xjt) = min

j=1
where py(x) = x{\I(z > 0) — (1 — A)I(z < 0)} and I(A) is the indicator function of the set A.
The regression quantile minimization problem is equivalent to the linear program

minimize  [A1,rT + (1 — \)1) 7]
subjectto Y = Bol, + XB+ 71t +r~, {(Bo,B),rT, 7"} € RPTI x R?"?

2.1

Let us denote the vector of solutions for the minimization problem as
BJ(A) = (Bj()\l)a LR Aj()‘k))/a j = 07 17 By 2)

also, let Qo(A\) = (Qo(M1), ..., Qo(Mx)) and 15 = (1,...,1)’, a k-tuple.
Then, using Theorem 4.2 of Koenker and Bassett (1978) we obtain that the k(p+ 1)-dimensional
random variable

Vi{[Bo(N) = Bolx — oQo(N)), [B1(A) — Bk, -, [Bp(N) — BpLi]'} = V/n(6,, — 6)',
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say, where (8,, — 0) is k x (p + 1)-dimensional matrix, converges in distribution to an k(p + 1)-
dimension normal distribution with mean 0 and covariance matrix o2(C~* ®$2), where Qisak x k

matrix defined by
Q- |:)\i/\/\j_)\i)\j:| ’ 2.2)
q0(Ai)qo(A;)
which is the asymptotic covariance-matrix of k£ ordinary sample quantiles from the distribution Fj.
This theorem parallels Mosteller (1946). Thus, following generalized least squares principle one
minimizes the quadratic from n(6,, — 8)'(C ® £271)(8,, — 6) to obtain the normal equations for the
asymptotically best linear estimators (ABLUE) of (3, o).

Ki Xo1 K1 s iOpKl K3 ﬂé Vo
XOlKl (8%1 +i(2)1)K1 (Slp "‘V‘iOlXOp)Kl XOlKS 5; ‘/1
Xo2K1  (s12 +X01Xo2) K1 -+ (s2p + Xo2Xop) K1 X02K3| |55 _ Vs
XopK1  (s1p +XoiXop) K1 -+ (s5, +X3,) K1 XopKs| |5 Vp
L K3 X01K3 s iOpKfS K> 1 Lo ] _‘/p-‘rl_

where

Vo=20+Zo1Z1+ -+ TopZp, V; :foj‘/o—FSlel-i-"'—FSijp,(j = 1,...,p)
V;)Jrl = Zg + -i‘()]Zik + tet + jf‘onga Z_] - 1/9_16j()\)7

Z; =Q N3N, §=0,1,...,p, K1 = 1,271,

K =Q'(NQ7'Q(), K3 = 1,97'Q(\), A = K1, Ky — K3

n

ns;; = Z(xih — i‘i)(xjh — .fj), 1, = 0,1,...,p.
h=1

Then, the asymptotic distribution of

V(B = Bo), Vn(Bt = Br)s -, V(B — Bp),Vn(o* — o)} is Npsa(0,0°K™1)

where

K, oK T01 K1 o Ky
T Ky - (s11 4 23;) K1 o (s1p+TouTp) Ky - T K3
j?opKl cee (Spl + SE()l.f'()p)Kl s (Spp + fgp)Kl cee fopK3
L K3 - ZTo1 K3 Top K3 e Ky
It may be verified that

| K |=| C| KTA, where A = KK, — K3. (2.3)
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Also, it may also be shown that the estimates are asymptotically unbiased.

Further, we note that the expressions corresponding to K1, K> and K3 are given by

E

+1

K=o [g0(Ni) — ao(Ni—1)]2/ (N — Ai—1)
Kz = k+11 [90(A)Qo(Ai) — q0(Xi=1)Qo(A:)]*/(Ai — Ai—1), and 2.4)
Ky = k+1 [q0(M) = qo(Ni—1)][a0 (M) Qo(Ni) — qo(Ni—1)Qo(Ni—1)]/(Ai — Xi—1)

=

N

with Ag = 0 and A\;; = 1. If one chooses symmetric spacings then K3 reduces to 0 and the
ABLUE are given by 8* = K; 'C~'V, and 0* = K2_1Vp+1, where V!, = (V4,...,V},).

It may be shown that the asymptotic relative efficiency (ARE) of the AVLUE based on the
regression quantile, with spacings (A1, ..., Ag) relative to the usual least squares estimation (LSE)
is given by ARE (ABLUE: LSE) = 212

: ABLL T Toa=T%) where I = (I;;) is the information matrix of the
location-scale family with cdf Fj.

Thus, in order to obtain the optimum spacing vector (Af, ..., \}) we maximize K¥A with re-
spectto (AY,...,A%) subjects to 0 < A; < ... < A < 1. Thus, we solve the system of equations
_10K; 0A
AKP! KP——==0,i=1,....k
p 1 5)\2 + 1 6)\1 y ¢ 9 9

Therefore, the ABLUE of (8o, .. ., fp, o) are obtained first by computing Bj A\, 7=0,1,...,p
andi = 1,2,...,k and K1, Ko, Ko, Z1, Z2, Z{ and Z} using the optimum spacings (A}, ..., A?)

then using the normal equations (2.9). Then, the ARE is given by %, where Ky and

A are the maximum values of K; and A is achieved. We shall consider an example in section 4
using exponential errors.

3 Estimation of conditional quantile function

Consider the conditional quantile functions Q(§) = loSo+1LiS1+. ..+ {pBp +0Q0(§), 0 <& < 1.
The estimate of (&) is obtained by substituting ABLUE of (S, ..., 8p; o) which is

Q (&) = lofg + U B1 + ... + By + 0 Qo(€).

The asymptotic variance of Q*(€) is given by

O'2l/K_1l, l= (l07 R lp7 Q(S))l
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Here, the vector [ is known. Similarly, the asymptotic variance of the LSE of the parameter is
a2'T*~ 1, where

Iy - Zol1y Zo1d11 e Iy
7 -2 5 = 7
Zotdn - (511 +5U01)111 (Slp +$01£0p)111 < Zorlho
I Zoolin -+ (S12 +To1Zo2)l11 - (S2p + TooZop)lin -+ Toolio
— — — 72 —
Toplin - (sp1 +ToaZop)1r -+ (Spp + Tgp)[11T0p -+ I12
L T2 Zo1112 Zopliz SR LN

Thus, the ARE of Q*(&) relative to LSE Q*(§) is given by

ARE(Q"(€) : Q™ (6) = b,
'K-1]
Since, £€(0,1) can assume infinitely many values tabular values of ARE becomes, prohibitive
except for chosen values of £&. However, it is well-known that
Chypin (T 1K) < e < Chypar (TF'K)
v = l/K_ll = max k)
where Ch,,;,(A) and Ch,,4, (A) and the minimum and maximum characteristic roots.

This means that the maximum ARE is Ch,;, 4, (I* “*K). Thus, one can maximize Ch,, ., (I*71K)
or tr(I* 1K) with respect to (A1, ..., Ax) to obtain (A}, ..., A}) to be the optimum values. These
spacings will be used to obtain the appropriate regression quantiles to obtain the optimum estimator
of Q(§).

Special case of interest is the vector (1,0,...,0,Q(&)) which defines the quantile-function,
Q(¢) and the ABLUE of Q(§). Then,

T =T £ 2Qo (T P2 4 Q2(6)I*P+27+2) and
K1 = KM 4 2Q0(6)KPT2Y 1 Q2(6)KPH2r+2),

Hence, we maximize tr(IM) or Chy, . (M), where

M | O] 1*(1,p+2) KO K(1.p+2)
B 1*(+2,1)  x(e+2p+2) | | K@+2,1) K(/p+2.p+2)

where T*(=1) = (1*(49)) and K(-1 = (K (). Thus, one maximizes tr(M) or Ch,,,, (M) to

obtain optimum few regression quantiles.

4 Trimmed estimates of regression parameters

In this section, we discuss the trimmed L-estimators of the regression and scale parameters with
continuous weight functions as in the location-scale case in Bennet (1952) extended by Chernoff,
Gastwirth and Johns (1967).
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Let us consider the spacings A\,4; = (r +j)/(n+1), j =1,...,n — 2r and let the regression

quantiles be
A 5 (r+1 ~om=2rm\\
ﬁ.j(A)—<ﬁj(M)7--~75j(m))’3—071,--~7P

for the corresponding spacings. Now, using Bennett’s (1952) approximation, we obtain

1-A,
1 — q (u) 2 q2(/\7') q2(/\n—7')
170-11 — 0 0 0 _ 10
n / {qo(u)} du + A + 11— 1
Ar
1 1 v B2, | BOIEN) | @)
~QI(MNQ A) = 1 d " r LETARSY |
R QN0 J { +QO(U)Q0(H)} AR VS T VN
1 ) h(u) 20 0)
~1'Q71Qo(\) = Bo1Y 1+ uqou du + <8 r)90\Ar
n QO( ) ; QO(U){ QO( )qo(u)} >\7‘
QO()\nfr)qg()‘nfr) _ 10
+ 1 - /\n—r B 112
Further, fori =r+2,...,n —r — 1, we get
1 g1 .~ 0Q)Ha0(Air1) = o)} — {90(A) = go(hi-1)}]
n ’ Xig1 — N
d2q0(\; 1
= _QO(Ai)?jo)\(?l)d)\i - E@l(ki)(say)
with ¢ = [n);] + 1. In particular if i = r + 1, we get
1 _ 1 a3 (Arg1)
~1'Q71 = Zp (N, LU AL AW
. nsol( +1) + - qo(Ar+1)
Similarly for i = n — r, we get
1 1 2(Ap_
Lroe = Lo - B g )
n n n—r
Again, fori =r+2,...,n —r — 1, we have
1 dQQO()\i)qo(Ai)

1
;QB()\)SY1 = 5902(&') = qo(\i) e

and fori = r + 1 and for ¢ = n — r, we get

SO i Lpa(hgr) + PRI (g0 ) 4+ Qo) 00 41)} and
% 6()‘)9_1 = l@Q(Anfr) - QO()\nj\T)iJO()‘”*T) - {qD()\nfr) + QO()\nfr)(ﬂ)()‘nfr)}
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respectively. From the above calculation, the functions ¢; (u) and ¢2(u) are of the form

o1 (1) = _qo(u)d gz(zu) o d Q6(U)}

T du qo(u)
d*{ugo(u)} ap(u) d qo(u)
pa(u) = —qo(u = — + Qo(u)—
() = —ao (1) 2] (0 + Qolu) g [0Sy
Thus, to obtain trimmed ABLUE of (5, .. ., 8,; o) we solve the normal equations

I} Zor I} o ZopIth Iy Bs Vo
Toulty (st + Tt - (s1p T ZoiZop) Ity Torlly| |57 Vi
5_”017191 (Spl + iopff)l) e (3;2;;; + f%pﬂgl fop—’?z ﬂ; Vp
L I, Zor 17 o Zopli 13, | Lo*] Vi1

where

Vo=20+T01Z1+ - +Toplp, V; =T0jVo+5j141+ + 8jpp
Vprr = Zg + Zo1 25 + .. + Top 2

1 — i i 1 i\ i
Zi=o 2 o)) ™z =, X e()h(9)
J ni;ﬂ@l n+1 Bi n+1 anc 2; ni;1<p2 n+1 Bi n+1

withj =0,1,...,p.
Thus, the trimmed ABLUE of the regression as well as the scale parameter is given by

- —1 - -

[ s 0 — 70 = 70 0
Bo Iy Zo1lqy Topliy Iy Vo
* —~ 70 2 =2 \ 70 — 0 4~ 70
B Touly (st +25) 1Y o (Slp + xleOp)Ill Zo117y W
¥ = 70 - - 0 ~ 70
By Toplit  (Sp1 + ZopZTo1) - Top—1111 Topliy Vi
* 0 ~ 70 ~ 70 0
Lo ] L 1o Zo111o Zoplis Iy | Vot

The covariance matrix of trimmed ABLUE of the parameters is given by

- —1

[ 7o - . 0

It Toylyy Toplt Ity
— 70 —=2 \ 70 . 0 =~ 70
Torlty (s +Tg) 12 0 (S1p+TorTop)li1  Torlts

0_2 . .

= 70 — 0 ~2 \70 ~ 70
Toplty  (Sp1 + ZopZor)liy -+ (8pp + xOp)Ill Toplty

0 — 70 — 70 0

L 1o Zo1l1, Toply I3y |
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It may be noted that these trimmed estimators are similar to Bennetts (1952) estimator for the loca-
tion and scale parameters for the location and scale model of distribution. Computation of estimators
will be highly computer-intensive which is not a problem now a days. In a separate paper, the author
will demonstrate the application of these formulas derived here.

S Simple linear model and estimation using optimum regression
quantiles

Consider the simple linear model will the known error distribution Fj,
Y, =00+ pixi+e, i=1,...,n

Let the spacing vector be Aq,...,\; and for j = (0, 1), the associated regression quantiles be
Bi(A) = (B;(A1), Bi(A2), ..., B;(Ax))’. Then, under the assumed condition the normal equations
are given by the following expression by letting z = Z( and ¢*> = lim% >~ 22 we have

Kl jOKl K3 66 ‘/0
foKl (511 +ng1) £0K3 BT = V1
K3 ToK3 K5 o* Va

using p = 1. The solution for the estimators becomes

~2
* Ky Zo __z _Ks
BO A + s11 K1 s11 K1 A VO
* = _ _Xg 1
ﬂl s11 K1 s11 K1 0 Vil
* _Ks Ky
o = 0 A Vs

Vo =20+ 2021, Vi = ToYo + 51121, Vo = Zy + ToZ}

The covariance matrix of the estimators is given by

Ky | % @ _Ks
o2 A s11 K1 s11 K1 A
Cov(B],B5,0%) = — _ o 1
( 172 ) n s1111 s11 K1 0
K3 Ky
A 0 A
The covariance matrix of the LSE is given by
=2 _
Iy Ty __ %o _Ip
o | M s11l11 s11l11 1]
o _
R __Xgo 1 0
n s11l11 s11111
_ Lo 0 I

o

=
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with I = (I;;) is the information for the location-scale distribution Fy,. Then ARE of the ABLUE
relative to LSE has the same expression as (2.16) with p=1. Thus, we maximize KA with respect
to A1,..., \. If Fy(x) = (1 +e7%)7 1, i.e. logistic distribution, it is then known that the optimum
spacings vector is given by ((k + 1)"Y, 2(k+1)7Y,... k(k + 1)~1). Thus, for k = 3, we get the
popular Gastwirths (1966) trimean type robust estimators in the case of this linear model.

Let Fo(z) = 1 — e *. In this case errors should be subtracted by 1. Then, one can easily verify
that (see, Saleh and Ali, 1966; Saleh, 1981;).

k - 2
Ky =1/e" —1, Ky = (" — 1){u? + L(e" — Z (i — wi)

Kz =ui(e" —1)7tand A = L(e"™ —1)7 1, u; = log(1 — ;) ™! sk
The ARE is given by KA.
Thus K1 A = (e"t —1)"2e"“1Qg_1, where Qp_1 = i (ti — ti—1)?/ (et — e'i-1) as in Saleh

i=1

and Ali (1966). Thus, maximizing K;A w.r.t. (A1, ..., Ar) one gets the optimum solution. Thus,
we get

. 1\~ i 24+ @2n-1)A)
)\1:<n+§) and \jy = ——pmt, i = L k= 1
where )\9 (j = 1,...,k — 1) are the optimum spacings for the scale-parameter alone which are

available in Sarhan and Greenberg (1962). For example for k£ = 5, we have )\(f =.3931, )\8 = .6670,
A = 8434, A} = .9434 and A\ = .9885. Thus, one can use these spacings to obtain the spacings
(5.1) for the six optimum regression quantiles for the estimation of 3y, 51 and o.

As for the conditional quantile-function for a given £ € (0,1)

y(§) = Bo + Przo + aQo(§), Qo(§) =In(1 - &)~
=1'(Bo, Br,0)', =1(1,20,Qo(€))’
we use the estimator y*(§) = S5 + Bizo + 0*Qo(&). To obtain optimum spacings one has to

maximize the maximum characteristic root of the matrix M given by

1 z3 ) 1

=1 T nsi me1r  n-1 Ky ZoK, K3
M= — e o 0 ToK1 (s +73)K1 ToKs
--L 0 o K3 ToK3 K,y
or tr(M) w.r.t. (A1,..., A;). Here, the first matrix is the covariance matrix of the maximum likeli-

hood estimators.

6 Marginal estimation of the intercept, scale and the quantile-
function of the distribution

In the linear model Y = Sy1,, + X3 + oe, (Bo, o) represents the location (intercept) and the scale
parameter. Further, the parameters Q (&) = 5o + 0Qo(&), (0 < & < 1) will be called the quantile-
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function of the distribution Fy. If we are particularly interested in the estimation of 3y, o and
Q(€), we may consider the regression-quantiles Go(\) = (Bo(A1),- - ., Bo(Ax)) corresponding to
the spacing vector A = (A1, .., \)’. Thus, from Section 2, we find v/n[Bo(A) — Bolx —0Qo(N)] —
Ni(0,02CMQ), where C—! = (C¥) and Q is defined in (2.2). Thus, minimizing

n[Bo(A) = folr — oQo(N)]R " [Bo(A) — Foly — oQo(N)]
one obtains the ABLUE of (5, 0) as
KoZy — K3 Zj and o KiZy — KsZy
= o = ——
A A ’
where A and K, K5, K3 have the same definition as in (2.3-2.4). The variance-covariance matrix
for (85, 0*) is given by

Bo

. . a?Cl! | K. -K
Cov(55,0%) = —— ’ ’
n —-K3 K

Also, the ABLUE of Q(€) is given by
Q7(§) =By +07Qu(§), 0 <& <1

with asymptotic variance

0.2011

Var(Q7(€)) = K2 + K1Q3(€) — 2K3Q0(€))-

The corresponding LSE has the asymptotic variance given by

s2CM
Var(Q**(€)) = W{IQQ + 111Q3 (&) — 2112Q0 (&) }-

The ARE of Q* () relative to Q**(€) is then given by

ARE(Q"(€): Q™) = [T 115, 7 M03(0) — 2Ka Qo]

The numerator and denominator may be written as I’ 171/ and ’'K~11, where

- [T D2l g ko [B K
Lo I K3 Ko
and I’ = (1, Qo(€)). Thus, ARE is the expression
'TY » 'TY »

Thus, to obtain the optimum spacings for (35, o*) and Q*(£) the maximum A and Ch,,,,.(I71K) or
tr(I71K) respectively w.r.t. (A1, ..., \x)’". The problem have been discussed in many publications
listed in Saleh (1992) and available.
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