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SUMMARY

It is commonly observed in medical and financial studies that large volume of time series
of count data are collected for several variates. The modelling of such time series and
the estimation of parameters under such processes are rather challenging since these high
dimensional time series are influenced by time-varying covariates that eventually render
the data non-stationary. This paper considers the modelling of a bivariate integer-valued
autoregressive (BINAR(1)) process where the innovation terms are distributed under non-
stationary Poisson moments. Since the full and conditional likelihood approaches are cum-
bersome in this situation, a Generalized Quasi-likelihood (GQL) approach is proposed to
estimate the regression effects while the serial and time-dependent cross correlation effects
are handled by method of moments. This new technique is assessed over several simula-
tion experiments and the results demonstrate that GQL yields consistent estimates and is
computationally stable since few non-convergent simulations are reported.
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1 Introduction

Most of the univariate time series models that have been developed so far are based on the observation-
driven (OD) integer-valued autoregressive (INAR(1)) process (See McKenzie, 1985; Al Osh and
Alzaid, 1987; Kim and Park, 2008). In these models, it is relatively parsimonious to formulate the
conditional likelihood estimating equations and used the iterative Newton-Raphson or Fisher-scoring
algorithm to obtain the parameter estimates of the regression and serial correlation parameters. How-
ever, in some important practical settings, the time series of counts are collected for two variables
where apart from the serial correlation within each series, there exists as well a cross-correlation be-
tween the two series and this lead to a bivariate INAR(1) (BINAR(1)) time series set-up. In addition,
these time series of counts are subject to some time-independent and time-varying covariates that
induce non-stationary correlations. Thus, the modelling of the BINAR(1) time series is challenging.

In literature, Pedeli and Karlis (2009, 2011) developed the first BINAR(1) time series of counts
(CBINARIM1) which was a simple extension of two INAR(1) processes where the cross correla-
tion between the two series was induced by the innovation terms of the two series. The innovation
series were assumed to follow the bivariate Poisson or some bivariate Generalized Poisson distri-
butions. Later, Pedeli and Karlis (2013a) extended the CBINARIMI1 to a full BINAR(1) process
(FBINARIM1) by considering a more complex cross correlation structure where apart from the
bivariately distributed innovation terms, the cross correlation was also induced by relating the obser-
vation from the first variate with observation from the second variate via the binomial thinning oper-
ator. However, both CBINARIMI1 and FBINARIM1 were developed under stationary distributional
or time-independent covariate assumptions. Recently, Mamode Khan et al. (2016b) introduced the
first constrained BINAR(1) (CBINAR1M2) Poisson time series model under non-stationary set-up.
In their model, the mean and variance parameters of the bivariate innovation series were functions of
time-dependent covariates, but so far, there is no full BINAR(1) process for non-stationary bivariate
time series of counts such as the number of stock transactions of two companies operating in the
same line of business, the number of daytime and nighttime accidents in an area, the number of day
and night larceny acts and many others.

As for the inference procedures, Pedeli and Karlis (2009, 2011, 2013a) developed CMLE and
method of moment approaches to estimate the mean and correlation parameters respectively in CBI-
NARIMI1 and FBINAR1M1 models. Through simulation studies, CMLE was shown to provide esti-
mates with lower bias than the moment based approach. Based on these results, Mamode Khan et al.
(2016b) developed the CMLE under time-dependent covariates for the non-stationary CBINAR1M?2
and remarked that its log-information Hessian matrix was computationally intensive. As an alter-
native, Mamode Khan et al. (2016b) proposed a generalized quasi-likelihood approach (GQL) that
depends only on the notion of the marginal means, variances and joint covariances. This GQL equa-
tion was then solved iteratively using Newton-Raphson to obtain estimates of the mean parameters
while a robust method of moment was implemented to estimate the non-stationary serial and cross
correlations based on the findings of Sutradhar and Das (1999) and Jowaheer and Sutradhar (2005).
Besides, through simulation studies, GQL yielded equally efficient estimates as CMLE but far more
efficient estimates than GMM (Qu and Lindsay, 2003) and GEE (Liang and Zeger, 1986). Thus, in
this paper, we propose to develop a GQL approach for the full non-stationary Poisson BINAR(1)
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process (FBINAR1M?2) as well as CMLE and GMM adaptive equations. The performance of these
methodologies are tested through a simulation study.

The outline of the paper is as follows: In Section 2, we introduce the FBINARIM?2 Poisson
time series model and the marginal moments and joint covariances are derived under non-stationary
distributional assumptions. In Section 3, we develop CMLE, GMM adaptive and GQL estimating
functions to estimate the regression, serial and cross correlation parameters under the non-stationary
FBINAR1M2 model which have not yet been explored in time series literature so far. This paper
also compares the performance of CMLE, GMM adaptive and GQL on their basis of their statistical
and computational efficiencies through a simulation study. The paper is concluded in Section 5.

2 The Non-Stationary Poisson BINAR(1) Model

Following Mamode Khan et al. (2016b), we extend the CBINARIM?2 to account for the cross-
correlation between the innovation series and the cross-correlation between the current observation
at time ¢ with the other variate previous lagged observations such that the FBINAR1IM?2 model is
written as:

Y=o v+ an g+ v al @1
Y = oo VPt g+ Y+ d?, (2.2)

where 0 < aq4—1, ao¢—1,p1,p2 < 1 and p; represent the serial correlation and oy ¢—; are the

cross-correlation that needs to be estimated. Y;[f]l and dgk] are independent. As for the thinning
(]

operation (Steutel and Van Harn, 1979), 6 x Yt[f]l = Z;’;ll b;(0) and b;(#) is a binary variable with

prob[b;(6) = 1] = 0 and prob[b;(#) = 0] = 1 — 6 such that

6 x Yt[fll |Y;[]_€]1, 0~ Binomial(Yt[f]17 0)

In the above model, the Yt[k]

and ul[tk] = exp(z} A1), where B¥] is the p x 1 vector of regression coefficients for the k* series.
From Equations (2.1) and (2.2), Yt[f]l ~ Poisson(,uyi]l). dLu and d?} follow the bivariate Poisson

distribution (BivPoisson) (Kocherlakota and Kocherlakota, 2001) such that

are subject to a p x 1 vector of covariates xy = [T¢1, T2, .. ., Typ)

w (12
P = uydf? = ) = o (F 0 -a) O = 00" O = 60

u! v!

x X_: (IZL) C’) o it (W) = &) (W = 1)) R

and following equation (2.3), dl[tk] ~ Poisson()ék]), where )\E] = (u,[fl] - plugl - al,t,l,ul[i]l),

)\?] = (,u?] - pg,ul[i]l — agyt,lugl), s = min(u,v), )\2[51],)\?] > 0, and ¢; € [O,min()\gl], )\,[52])].
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¢ denotes the covariance between the two error terms, such that

¢ it="t,

0 ift£t.

Pt = pia \/E\/E,

where pq2; denotes the bivariate cross-correlation between the innovation series dg] and d?] and
0 < p12,+ < 1. From the above assumption, it can be proved that

Cov (d,[&l} , df]) =

and alternatively

B = var(v}) = uff

Similarly, the lag-h correlation for the k*” series is

ph /J/[k]
Corr (Y;[k],Yt[ﬁh) = % 2.4)
Hiyn

As for the joint covariance o 12 = Cov(th , th ), from Equations (2.1) and (2.2)

B = pipp B Y2 ) 4 ar a0, BV Y as o)+ asipn (i)

1 2 1 2 1 2

+ Plﬂumg I P1P2ML]1ML]1 - Plaz,t—l(#l[tll)Q + oq,t—lpzuill

+ 011,t71P2(ME1)2 + 041,1571/17[52,}1/%[52] - a1,t71P2(,u£2,]1)2 - 041,t71042,t71l££1,]1u£2,]1
1 2 1 2 2 1 1

+ ooty = papr Py — o capa ()P + el

—prany ()2 = aryran, 1 P+ B@dNd?)

and by simplifying o 12, a first-order difference equation is obtained, where

o112 = (p1p2 + a1 —102,4-1) COU(YIE]th[E]l) + p12,t\/ /\P] /\,[52]

+ plazt_mfll + Oél,t—poIU'E]l

For the other off-diagonal covariance,

EWMYE) = p2 Coo (YY) + asy Coo (Y YY) 4 pi L, 2.5)
B = p Coo(V V) + agppn Coo(VI V) + WY, 26)

(See detailed derivation for Equations (2.5) and (2.6) in Appendix A).

EWMYELY = py oo (Y Y2, ) + agupnt Cov (VL v )+ Wl @)
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Using Equations(2.5) — (2.7), we have
Cov(V,", Y1 2,) = p2 Cov (VM Y2, 1) + anns Cou (VY )
= pb {(,01/72 + al,t—1a2,t—1) Cov (Yt[i]l, Yt[f]l) + p12t >\£1] >\1[52]

h—1
+ /71042,7&—1,u£1,]1 + Oél,t—lpz,uﬁ]l} + M[sl] Z Péﬂlfijilazwh—l—j

=0
and similarly,

Cov (Yt[}r]h’ Yt[z]) =pl [(P1P2 + al,t71a2,t71)COU<Y;[i]17 Yﬂ) + p12,t\/ )\E] \ )\1[52]

h—1
1 2 2 i h—j—
+Pla2,t—1/-l£_]1+041,t—1,02/1£_]1} -HAL] g pjlpg / 1041,t+h—1—j-
Jj=0

Under time-independent covariates assumption, o 12 is reduced to

prosapl) + ar1pan + pro \/ATI]\/ AP

(1 — P1pP2 — 041,1%,1)
Cov(¥, ¥ [,) = paCov(V Y, L)) + aaaCor (v v, )

012 =

h—1
1 j h—j—1
= phoia + 042,1M[1] E pap1
=0

Cov (V{1 Y = p1Cov (v, 1 V) + anaCov (v, v M)

h—1
2 i h—j—1
= plows + CY1,1/LE] Z pipy
j=0

where a1 1 and ap ¢ are the stationary cross-dependence terms in Equations (2.1) and (2.2). Note
that these stationary cross-covariance expressions have the same formulation as Pedeli and Karlis
(2013a).

3 Estimation of Parameters

This section reviews the estimation methodologies employed in estimating the regression, serial-
and cross-correlation parameters. For the CBINARIMI1 and FBINAR1M1, Pedeli and Karlis (2009,
2011, 2013a) developed the CMLE approach and method of moments approach but as mentioned,
these two models were designed under stationary assumptions and yet the CMLE was computa-
tionally intensive. Mamode Khan et al. (2016b) recently developed the GQL estimation technique
for the non-stationary CBINARIM2 where through simulation studies, it was noted that CMLE
and GQL yielded equally efficient estimates asymptotically while far more efficient estimates than
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GMM. Besides, GQL is more parsimonious than CMLE since it depends only on the notion of the
marginal and joint moments. However, CMLE, GMM and GQL have not yet been developed for
the FBINAR1M?2 model. In the subsections that follow, these estimation approaches are derived in
details and their merits and drawbacks are also highlighted.

3.1 CMLE
The conditional density for the FBINARIM?2 model is expressed as (Pedeli and Karlis, 2013a):

- yt[l]l yf[ ]1 [ _ k— —j1 [2] ke
fl(k') = Z k_] pl (1_p1)yt—1 hOé 120 1(1_a1t 1)yf ) j1

i Ji

Lyl [
(2] S—ja W
f2(s) = Z( )(y 1>p2 (1= p2) " 20577 (1= g )=

J2= ‘72 s7J2

and a bivariate distribution of the innovation terms of the form f5(u,v) = P(d,[fl] = u, d?] =v).
Then, the conditional density is written as (Pedeli and Karlis, 2013a)

f( [1],%[2] |y£1]1,y£211,¢9)

g1 g2

= Z Z fl(k) fQ(S) f3 (y][l] k y[Q] )

k=0 s=0

g1 g2 k 1] [2] N .
=S5 () (et e et ey

k=0s=0 j1=0

(2] (1]

Y1 Y1 j 24, s P B

x [ Z < p3’ (1 — p2)¥i= jzaz (1= gV T
Jj2=0 J2 $ = Jz

w o=t =prn —an i 4P —pon —an il —60)

min(k,s)

x [(”[1] —01M£]1 —Qy 1,u£11 o

m=0

)yy]—k—m

'I[]—g m
X (M?] —P2M£ ]1 — - 1M£ ]1 fbt)”’t o }

Nl =k = m)l(y® = s - mnm!]

where 6 = (Pk» Qg t—1, Pt ﬂ[k])/ is the vector of unknown parameters, g; = min(yi ],y£1]1) and

(2], [2] )

g2 = min(y;~, y;~ ;).
The conditional likelihood function is then given by

L(0]y) = Hf L 6)
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for some initial values of # and by maximizing the conditional likelihood function
&
log L(0|y) = long My, 0)

the following expressions are obtained:
Differentiating with respect to p1, we have

dlog L(6 T [ & ot (k
g |y Z[ZZ[ﬁ Vo [1]—ky[2] ) {;1( )
t=1 | k=0 s=0 P1
a 1 g1 g2 X _1
R - sl — k=) D03 16l 14ih,0)] ] (.1
k=0 s=0
where
Oh(k) _ < (yt“h)(y?ll) B ot
= ol (1 — g g )V TR
O j; i ) k=g, )= ane)
e o S
x [le{ Y= pr)= i — ol (i) — 1) (1 — )t
and

9 [ 2 _
fa(ye —koy

8,01 ( t )

min(k,s) 6—(u pipt —an ol 4 plP —popl |~z 1l —60)

(i — k- >'<y£}—s— >'m'

m=0
| (e = o — gl ¢t)y’

X (g 2 _P2N£]1 — Qo 1,“1[/]1 oh )yt2 _s_mﬁb;n
uﬂ W = k= m)(u = ol — g — gy R
% (uf = papfy — o apdl)y = gy e

and the double derivative with respect to p; is

i 9%log L(6 | y)]

2
=1 501
—Z o S fafa Gl + fo 515 1 G+ Fa 5050
- k
= 9o fw e
16) o
B o (f2f33£1 +f1f26£f) 3.2)
9 (k] [k] 2 ’
k=0 o{f Yt |yt 15 )}
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where
32f1 i (yt 1)(9?11) k—j1 2l gty
- o (1 _alt 1)yf 17 +J1
8p1 lejo n J L=t
J1 2 vt -, j1—1, [1] . T . |
X [Jl (L= p1)? =77 = jipt (Y=g — 1)1 = p1)¥—
1 . ny .
— e} (yl_]l —j1)(1 = py)¥emr
1 [] o [1] — 5 —1)(1 = yil_]lfj172
+ 01 (Y21 — 1) W2y — 1 — D1 = p1)
and
92 min(k,s) e—(u Lpii —an o1 pn il o —qn 1 —g0)

o faun — ko —s) =
opi =0 W' = k= m)l(y — s —m)im!

M _g
x [ — oty — el — g

2l _s_m ;m
X(ML]_92M£]1_04215 1/%[5]1_¢t)yt ) o}

B g,
2 = k= m) () = il — g pf - gy Rt

[]—S—m m
X(ug}—pzuﬁll—azt 1/11[5]1—@)‘”‘ ok

1) CRTI

— 12 = k=) = ol = ag o — g Rt
Hfsfm m

X (#[2] —P2.U£]1—042t 1M£]1_¢t)y‘ oA

+ 2 M =k —m) @ k= m -1

(1] (1] [

]
X (pg " = prfby—q — 01— mﬂl gV —hmm=2

Pl _s_m m
X () = papiy — azgo )y — o) i)

The above derivation confirms that the double derivative for CMLE is computationally intensive
under non-stationary assumptions. Differentiating with respect to po, we have

dlo 1 92 _ 1 g2 825
Zlg;pwm Z[ZZ lyt“i]l,e)} [Zzﬁ G gyl o 2808)

=1 t=1 Lg=0s=0 k=0 s=0 9p2

AR fals )—f3< 1] _ g, g2 5)},

where

0 s (2] 1] . .
?pz Z (yt 1) < Y1 >04§,t]—21(1 — gy Ui

42=0 572

. _ 2] _ . ; . 21 . _
2037 (1= p) 7 — (ol = ) (1= o)



The non-stationary bivariate INAR under . .. 27

and
0 1] (2] min(k.s) 6_(“[ lpin —an o P oo~ el —g0)
Tf?»(yt —ky~ — S) = Z ]
Z = T ==
2 1 m
[/‘z[t]1( . P/iz[:]l_alt 1/~Lt 1 ¢t)yt R

X (M[ ] — P2 ME ]1 (0%} t—l/l,g ]1 — Ot )yt —s—md);n

M _ g
— 2 = s = m) (! — puadty — oy — g E
[2]757777,7 m
X(#L] PN£]1—0421: 1,U£}1 b)Y 1¢t ].
Differentiating with respect to a; 1, we have

Olog L(9 | y) & o df1 (k)
Z 8041 t—1 Z |:sz ! | yt[k]lao):| {ZZJCQ(S)JCS(Z/E] _ kayi[52] _ S)ﬁ)t—l

t=1 “k=0s=0 k=0 s=0

0
A0 (o) g Pl — K 3.
a1t—1
where
k (1] (2]
dfi(k Yt—1 ?Jt 1 gy k y kg
3a1t1 z::( - o= )" {(k_]l)altl (1 —ape1)"
. 2 i _
- Oélft]11(y£2]1 — k4 1) (1 — aq g )Y 1}
and
9 & 2 _
—k
80{1,t_1f (yt y )
min(k,s) 67(” *Plu£ ]1704 t— 1M£ ]1+M£2]fp2u£ ]17a27t,1;1,£1_]17¢t)

@ﬂfkfmwﬁtﬁfmwm
X (i — papiy — azge 1M£ 0= o )y?]_s_mfﬁgn
mqu k—m)(ut! = praflly — ool — g
X (i — papd?) — a1ty — Go) _S_m¢§"}
Differentiating with respect to ap 41, we have

dlog L(0 | g 92 ~1p 91 g2 dfa(s)
Z Oagagt 1y Z{sz |yt[’i]170):| [szl (l — &,y — )aaji 1

t=1 - k=0 s=0 k=0 s=0

0
+ f1(k) f2(s) D11 s — &,y — s)} ,
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where
k (2] (1]
df2(s) Y1\ ( Yi-1 CI I
= 1— Y1 ]2|: _ Jo— 1— _ Y 1—S+J2
Oan,e-1 J; J2 S — jo Py (1= p) (s —J2)as % H Q¢-1)
s—ja ¢, [1] : yM —stga—1
Qg 1y — s+ i2)(1 —age1)¥—
and
9 0 2]
—k —s
aaQ,tflf (yt y )
min(k,s) & 2 2 (2] [

e*(u —p1pl —an e P o —an M —6y)

= W = k= m)i(y — s — m)im!

| _k—m

o
X [HEL(MP} - PlM,[gl,]l — a1,t71u£,]1 — )Y

[2]7«577774 m
X (M[Q] *,02#,[5]1*0427: 1#,[5]1 b)Yt éf’t

(1]

] _p_
— P = s —m) (i = il — el — g )ve R

Bl_sm—1,m
(i = papl? ) — gl — ) Loy

Differentiating with respect to ¢, we have

T 0log LBly) < o0l o %0 f1(k) fa(s) g fauh — k™ — 5)
D=, “

k k ’
= 0% = o fu 1yl 0)
where
9 0 min(k,s) e*(ll‘gl]*Plllfgl_]l*al,t—l;u?]1+H[2]7P2H£,2_]17‘12,t—111£,1_]17¢t)
a5 3w —k -8 =Y 0 2]
o = T =k —m) (P — s — m)!m!

m_,_
X {(ML —,01/~t£]1—041t 1M£]1—¢t)y‘ kmm

[2]757m m
X (g 2 _ P2 /i,[g }1 — Qg 1#,[51]1 b)Y oA

.
+ (ML] —01M£]1 —Qar 1M£]1 — )Y TRTm

[2]757771 m—
[2]*P N£}1*0‘2t lﬂ£1]1 b)Y o !
[1]

W g
—k— m)(u” pluﬁ]l—om 1Mt =)t F !

[]757777/ m
X —P M£]1—042t ) — gy (o8

—m) (g i —pP1 M,[s]l—alt 1Mt 1 ¢t)y’

(2] (1] .

m
x (p
= (i
(1’
~
(1 = panf?y — cnuapd?y — )" _S_m_1¢§n]

X
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Differentiating with respect to 3*!, we have

ET: Olog L(6 | y) _ ET: 0log L(8 | y) 8)\£k]

2T 9B 2T g " DB
where
M = = o) — an ol
8/\[ 0] .
)‘EZ] = ﬂ:[sQ] - PZN?% Q2 ¢— 1#1[k ]1, 9B = NL ]“TZ:J - Pk,“)[f ]1xt L,j
1 2
5~ s L0 [9)] _ 5~ To XL fulk >f2<s>—f3<yt ~ky =)
t=1 a)\z[sk] t=1 leo 0 f(ytk] | yt[k]la 0)
with
min(k,s) a1y [21
a e (A "l‘A ¢t)
ng(y[l] - k7y£2] ) = Z 1] 2]
oA meo (Y —k—-—m)l(y,” —s—m)m!
M f—m— Bl_s—m m
[l = k= m) ) = g T O = g
_ —m [2]7577” m
= Y =g T — gy g
in(u,v) _ (1] [2] _
9 ) 2 S (e HAT—9)
—o 3y — kY —s) = Z
ox = -k m) (W = 5 —m)tm!

[1] [2]

O R L R e O e
—m [2]—s—m m
(AP = gy =],

1] _
~ (A =g

From the above, it is clear that implementing CMLE under non-stationary assumptions for a full
BINAR(1) is computationally intensive, in particular the double derivative Hessian.

3.2 GQL/GMM Adaptive
Further to Mamode Khan et al. (2016b), the GQL equation is given as follows:

DTZ_l(g - /1) = 07
where

o
J y 1 nT 2 21T
j= <y[2]>’ym IR U L) oW R I S )

(1]
- H 1 1 1 2 2T
,u_—< m)a,u[l] - [u[l]au[g],...,uTH] 7/LH [u[l]au[z],...,/,LTH] .
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The derivative matrix is a block diagonal 27" x 2p matrix with [Dm , D[Q]] on the diagonals where

8p[1k] Ak Bu[lk]

6ﬁ£k] Bﬁgﬁ'] e 86;[:k]

opyl  oub opy!

pik— | op 8l T apl (3.3)
ouy!  oul! ouly
0Bl 0By 98"/ (Txp)
and 3“’5 = uM2T . The covariance structure 3 is
V(v o Coo(YM YHy o cooyM v L couyM, Y

Cov(YH vy vy C o CoY LYY L couny, Y
Con(Y2 YMy . con(yP, Y V(Y ... Cov(YP vl
CooY2L Yy L con ¥ Yy 1 couyP Yy L V(vh

The Newton-Raphson iterative technique is used to solve the GQL in Equation (3.3) and this yields

A, 301 4
(Bm ) = (BB]) + D7D DTS NG - )],
r+1 T

where BL’“] is the estimate at the 7" iteration and [-],. is the value of the expression at the 7" iteration.

The moment equations to estimate the serial correlations in Equation (2.4) following Jowaheer
and Sutradhar (2005) are given by

ZtT 11 y~t[k] ~[K] /(T =1) ) T-1
) = ey (Vi pdf)) =y
t=1

Zt:l(yt ) /T
which yields
Yo g zj[k]
fr = — 5 ¢ “*” (3.4)
>t (W [ ]) f 1 \V H /Nt+1
where 7, F1 = (yt[k] [k]) / . Under the assumption of time-independent covariates with
(k] _ K]

Ry =M1

Zt 711 y~tk t+h)/( 1)
ST

Pk,h =
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where py, ;, is the estimated serial correlation for the kth series at lag h. The time dependent cross
correlation parameter and correlation parameter between the error terms are obtained as follows:

. Ogyr14— P10u . Ogg1 — P20y
Gre=——"pr Q=T m—
My M
. T . Gt—1,t-1(Ct41,6 — P104t) (Gt 441 — P20tt)
P12t = |Ott — P1P20t—-1,t—1 — T 12
Byl —q

— P1(Gt.t41 — p20t) — P2(Get1,t — PH@%)}
—1
1= Ote41 + P20t |

[\/N[l] o1 Mt 1= Ot41,t + P10u \/ﬂ?] - ﬁzﬂ?,}
where Akl — T 3lk]
fi; = exp(z; /™) and

T

Groju—j = Cov(y) ,y ) = Z A P - @)/ - j)
“+1

u-
)—‘k}

T—
~ N 2 ~[2
Givre = Cooyll o) = ST, — ) = a1 - 1)

t

Il
—

(1] [2])

- 1 Nl 2 2
Gti41 = Cov(y; » Y1 (%E - M[ ])(yHl NHl)/(T -1).

M’i

~
Il

1
Under the assumption of time-independent covariates, the above correlation parameters reduce to
Equations (3.5) and (3.6). Hence,

R Ot+1.t — P10 Oti+1 — P20t
a11 = 2] ) Qg1 = N ) (35)
1

where @y, 1 is the cross-correlation between the time series and pi2; = p12 is given by

s o G11(Gt1,6 — P104)(Ot,041 — P20¢t)
P12 = |0t — P1P20t — ~[1] ~[2]
Hy M

— p1(Gt41 — P201t) — P2(Fiq1,e — ﬁlétt)]

—1
) [\/ﬂ[f] —Gri1e+ prGu — oy \/ﬂ[f] — Gra1 + 26 — il (3.6)

For an initial value of B (k] Q1 t, Gy, P1, P2 and pro2 ;. are obtained using Equations (3.4) to (3.6).
These estimates are then substituted into the covariance matrix and the iterative Equation (3.4) is
solved to obtain an updated estimate of the regression parameters and these are, in turn, recycled
into the correlation estimating function. These iterations continue until the difference between the
updated and previous regression estimates is less than 10~°. The standard errors of the regression
estimates are calculated using the Hessian [DTYX~1D]~!. Under mild regularity conditions, the
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regression estimates are consistent and (511, 312y — (31, 821))T follows the asymptotic normal
distribution with mean 0 and covariance matrix

(DTS DITHDTE TN (g - @)(5 — )T ST D)[DTS IO

as demonstrated by Sutradhar et al. (2014).
The parameters under the GMM adaptive approach are estimated as

DT (- p1)
&' DTV (§ - i)

)

where V = (§ — i1)(§ — 1)T/(2T) and & is the orthogonal vector. The GMM objective function
is introduced because the dimension of the score vector is larger than the number of regression
parameters to estimate, which is given by

Qr(B) =91 C; a1 (3.7)

where C7 is the sample variance of g;:

DTV D (DTV2D)a
aT(DTV2D) aT(DTV3D)a

(3.8)

where & is the product of the inverse of the upper triangular matrix, GG, obtained from the Cholesky
decomposition of the matrix (DTV — LDT)V(DTV — LDT), where L = (DTV2D)(DTVD)~!
and the eigenvector corresponding to the largest eigenvalue of the matrix (GT)’llSETG ~! where
D = DTVD — LDTD. More detail is given by Qu and Lindsay (2003) and Mamode khan and
Jowaheer (2013). Using the Newton-Raphson algorithm,

8[11 3l1]
- i iAo
<B[2] > = (B[z]) — QBB
r+1 T
where asymptotically, Qf(ﬂ) = Qg'ITC;IgI and the hessian matrix QI(B) = 29’?0;191 with gy =
gg; where gy is of dimension (p + 1) X p.

For an initial value of B¥, the iterative Equation (2??) is used to compute Q(ﬂ[k]) and Q(ﬁ (K],
These two components are then used to update the value 3[*1. The cycle of iteration continues in this
way. Qu and Lindsay (2003) showed that the estimator of 5¥] obtained by minimizing the objective
function (??) is consistent and asymptotically normal with

Bk — 1 ~ N (o, (BlGF IEICT Bl ™).

Using the converged estimates, the forecasting equations are written as: For ¢ = 1 : T, and
7=2,3,..., T —1.
1 1 N 1 A 2 1 1
yL]j+1 yijj . p1 * yi[t—]j + al,t*j * yt[Jg + dz[flj+1 yi*]]

2 ’ 2 N 2 N 1 2 ’ 2 ’
yt[gjj+1 yt[jj p2 * yi[t—]] + Qg t—j * yt[Jj + dgf]jJrl yt[jj
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1 2
where (d£_1j+1, d£_]j+1) follows

. ~1 ~ Al ~ ~2 ~2 A\ A2 ~ ~[1 ~
BIVPOISSOH(ME—]jH - pl#g—]j - alyt*jﬂ’£—]j7 Nﬁ[:—]j-',-l - Pz)ML_]j - 0‘2,t7j)/~5£_]j7 Pr2,i—j+1)

andfort =T andj =1,2,3,...

j—1 j—1
1 j 1 i 2 i 1
Yk =Pl £ ol on sy ki Y phedi (3.9)
i=0 i=0
j—1 j—1
2 j 2 i 1 i 2
yg‘lrj = ph* ygr] + ZPQ * Q2 T4j—i—1* yHrj—z'—l + ZP2 * d[T]-s-j—iv (3.10)
i=0 i=0
where [d%r i d[;]Jr ;] follows

. ~[1 ~ a1 ~ ~[1 ~[2 ~ ~[2 ~ ~[1 ~
BIVPOISSOH(M[T}H*pm[T]Jrj_faLTﬂ—lu[T]ﬂ_l» M[T]ﬂ-*pzu[ﬁj_l*az,Tﬂ—lu[T]H_p P12,7+;5)

4 Simulation Study

In this section, we present a simulation study that consists of generating stationary and non-stationary
bivariate time series of Poisson counts under the assumption of a 2 x 1 covariate vector of the form

14t (t=1,...,7/4),
Tt = § rnorm(1,0,1) (¢t =(T/4)+1,...,3T/4),
1+t (t=(3T/4)+1,...,T),

where rnorm generates random numbers from normal distribution and the second element x5 is
fixed Poisson with parameter 2. The simulation study also consists of estimating the regression,
serial- and cross-correlation parameters using the approaches mentioned in section 3. In this context,
various values of the sample size are considered, 7' = 60, 100 and 500, along with different values
of the cross-correlation/serial-correlation parameters, p, = 0.2,0.6, with p;2 = 0.3,0.9 and a1 =
0.2,0.6, where ﬁgk] = 55’“} = 1 for k = 1,2. These values were taken to assess performance of
the estimating algorithm under low and high correlation values. For the stationary set-up, xyx = T,
where 7;, = Zthl )T

These estimates are obtained using small initial values. From the simulation tables, it is re-
marked that the GQL regression, serial and bivariate correlation estimates are consistent and close
to the population values and GQL yields far more efficient estimates than GMM under both station-
ary and non-stationary set-ups, while almost equally efficient estimates as CMLE under the station-
ary set-ups. Note for the non-stationary set-ups, we implemented only GQL and GMM adaptive
since CMLE was computationally not feasible. As the number of time points increases to 7" = 100
and T = 500, the standard errors decrease, with the standard errors under non-stationary set-up rela-
tively lower than under stationary set-up, irrespective of the size of the serial- and cross-correlations.
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However, a few non-convergent simulations were observed particularly under non-stationary set-up,
as shown in the table below:

The non-convergent simulations were mainly due to either the covariance matrix was ill-conditioned
or the Hessian matrix was near to singularity. To overcome this problem, we took the initial esti-
mates for GQL in the non-stationary set-up as the converged estimates obtained under stationary
set-up. This drastically reduced the number of non-convergent simulations under the non-stationary
set-up. This indicates that the proper choice of initial values of the estimates to run the algorithm
to obtain GQL estimates under non-stationary set-up is important. Note that, in these tables, the
non-stationary serial- and cross-correlations for the different lags as computed in Equations (2.4)
and (3.7) and the bivariate dependence pi2 ; are not all displayed due to their high dimensions but
are reliable values in the interval (0,1). It is remarked that the GQL estimating equation performs
very well for bivariate time series with cross-correlation up to 0.7.

Table 1: Estimates of the parameters (standard errors) under stationary set-up for pp = [p1 =
0.6,[)2 = 06] and a1 = [04111 = 0.27 Q21 = 02]

a1 a1 a[2 a2 N N N N N

P12,1 T Method ﬁg ! /aL ! ﬂg ] ﬁg ! p1 p2 &1,1 &2,1 p12,1

03 60 CMLE 1.0297 (0.0025) 10115 (0.0091) 1.0225 (0.0013) 1.0541 (0.0047) 05940 06049 01917 02011 0.2942
GMM 1.2990 (0.0849) 1.2426 (0.0834) 1.2402 (0.0857) 1.2954 (0.0825)

GQL 1.0294 (0.0022) 1.0091 (0.0087) 1.0221 (0.0012) 1.0877 (0.0046) 05921 0.6053  0.1957  0.2098 0.2998

100 CMLE 0.9946 (0.00130) 1.0114 (0.00075) 0.9964 (0.00027) 0.9989 (0.00016) 0.6078 0.5993 0.2030 0.2029 0.2938
GMM 0.9757 (0.06580) 1.2317 (0.06741)  0.9730 (0.06322)  0.9770 (0.06240)

GQL 0.9930 (0.0011) 10131 (0.0007) 0.9942 (0.00025)  0.9989 (0.00015)  0.6092  0.5931 02055 0.2078 0.2981

500 CMLE 1.0258 (0.00068) 0.9921 (0.00015) 0.9930 (0.00016) 0.9902 (0.00009) 0.6016 0.6088 0.2073 0.2060 0.2917
GMM 1211 (0.03719) 0.9824 (0.03510)  0.9847(0.03202) 09809 (0.03831)

GQL 1.0251 (0.00060)  0.9957 (0.00013)  0.9976 (0.00014) 09948 (0.00008)  0.6069  0.6067 02046  0.2072 0.2958

0.9 60 CMLE 0.9932 (0.0048) 0.9994 (0.0097) 0.9992 (0.0069) 0.9997 (0.0046) 0.5981 0.5921 0.1906 0.1930 0.8910
GMM 0.9790 (0.0886) 0.9741 (0.0878) 0.9791 (0.0895) 0.9755 (0.0911)

GQL 0.9949 (0.0045) 0.9956 (0.0095) 0.9997 (0.0067) 0.9947 (0.0043) 05982 05903 01963  0.1979 0.8946

100 CMLE 1.0195 (0.0015) 1.0199 (0.0026) 0.9943 (0.0010) 0.9959 (0.0008) 0.6083 0.6062 0.1932 0.1913 0.8998
GMM 1.2951 (0.0617) 1.2343 (0.0613) 0.9783 (0.0611) 0.9763 (0.0634)

GQL 10118 (0.0012) 1.0199 (0.0022) 0.9969 (0.0009) 0.9993 (0.0007) 0.6083  0.6084  0.1999  0.1945 0.8957

500 CMLE 1.0914 (0.00055) 1.0195 (0.00014) 0.9972 (0.00013) 0.9918 (0.00024) 0.6081 0.6060 0.2043 0.1988 0.8972
GMM 1.2951 (0.02310) 1.2316 (0.02460)  0.9851(0.02352)  0.9814 (0.02013)

GQL 1.0936 (0.00051) 1.0079 (0.00012) 0.9965 (0.00011) 0.9993 (0.00021) 0.6071 0.6095 0.2010 0.1953 0.8963
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Table 2: Estimates of the parameters (standard errors) under non-stationary set-up for pr, = [p; =
0.6, P2 = 06] and a1 = [041,1 = 0.2, Qg1 = 02]
a1 a1 a2 a2 . ~ N o
P12,1 T Method ﬂg ] ﬁg] B[l ! Bgl h1 h2 41,1 2,1 h12,1
03 60 GMM 1.3123 (0.0837) 1.3095 (0.0801) 1.3140 (0.0828) 0.9721 (0.0889)
GQL 1.0103 (0.0019) 1.0024 (0.0045) 1.0791 (0.0007) 0.9979 (0.0027) 0.6097 0.6062 0.1957 0.2059 0.2943
100 GMM 0.9791 (0.05950) 1.3690 (0.05758) 0.9720 (0.05726) 0.9766 (0.05406)
GQL 0.9979 (0.00080) 1.0159 (0.00012) 0.9988 (0.00015) 0.9980 (0.00012) 0.6056 0.5962 0.2022 0.2049 0.2951
500 GMM 0.9824 (0.02314) 0.9843 (0.02229) 0.9883 (0.02187) 0.9841 (0.02867)
GQL 0.9912 (0.00040) 0.9971 (0.00011) 0.9956 (0.00012) 0.9959 (0.00003) 0.6087 0.6039 0.2044 0.2054 0.2929
0.9 60 GMM 1.3883 (0.0827) 0.9712 (0.0818) 0.9761 (0.0823) 1.3013 (0.0893)
GQL 1.0111 (0.0021) 0.9941 (0.0057) 0.9979 (0.0042) 1.0731 (0.0031) 0.5945 0.5964 0.2061 0.2059 0.9012
100 GMM 1.3616 (0.0433) 1.3133 (0.0466) 0.9909 (0.0409) 0.9908 (0.0445)
GQL 1.0151 (0.0011) 1.0188 (0.0014) 0.9954 (0.0007) 0.9960 (0.0005) 0.6039 0.6046 0.2021 0.1911 0.8978
500 GMM 1.3955 (0.02882) 1.3053 (0.02482) 0.9923 (0.02703) 0.9966 (0.02435)
GQL 1.0101 (0.00042) 1.0211 (0.00011) 0.9965 (0.00007) 0.9967 (0.00013) 0.6062 0.6022 0.2012 0.1911 0.8969
Table 3: Estimates of the parameters (standard errors) under stationary set-up for pp = [p1 =
0.2, P2 = 02] and a1 = [CK1$1 = 0.2, Q21 = 06]
a1 a1 a2 a2 N N N N .
P12,1 T Method fg ! ﬁé] (3£ ] ﬁgl p1 p2 &1,1 &2,1 p12,1
0.3 60 CMLE 0.9972 (0.0044) 0.9991 (0.0059) 0.9914 (0.0035) 1.0939 (0.0079) 0.1930 0.2029 0.1947 0.5922 0.2943
GMM 0.9759 (0.0880) 0.9767 (0.0841) 0.9735 (0.0864) 1.3895 (0.0803)
GQL 0.9953 (0.0041) 0.9957 (0.0055) 0.9971 (0.0034) 1.0828 (0.0076) 0.1949 0.2053 0.1986 0.5910 0.2921
100 CMLE 0.9923 (0.0015) 0.9914 (0.0026) 1.0936 (0.0017) 1.0910 (0.0009) 0.1910 0.2018 0.2011 0.5996 0.2962
GMM 0.9751 (0.0527) 0.9719 (0.0500) 1.3222 (0.0550) 1.3754(0.0519)
GQL 0.9951 (0.0012) 0.9918 (0.0022) 1.0918 (0.0014) 1.0951 (0.0008) 0.1985 0.2008 0.2080 0.5930 0.2925
500 CMLE 0.9958 (0.00048) 0.9901 (0.00099) 0.9995 (0.00088) 0.9954 (0.00045) 0.2042 0.1970 0.2011 0.5955 0.2915
GMM 0.9873 (0.02501) 0.9899 (0.02874) 0.9881 (0.02707) 0.9849 (0.02921)
GQL 0.9925 (0.00046) 0.9992 (0.00098) 0.9959 (0.00087) 0.9961 (0.00042) 0.2072 0.1969 0.2059 0.5948 0.2923
0.9 60 CMLE 0.9915 (0.0015) 0.9993 (0.0035) 1.0963 (0.0058) 1.0994 (0.0066) 0.1938 0.1919 0.2093 0.5965 0.8983
GMM 0.9710 (0.0835) 0.9774 (0.0818) 1.3822 (0.0856) 1.3663 (0.0839)
GQL 0.9913 (0.0011) 0.9911 (0.0034) 1.0891 (0.0057) 1.0899 (0.0062) 0.1905 0.1976 0.2091 0.5991 0.8992
100 CMLE 0.9977 (0.00044) 0.9910 (0.00016) 0.9912 (0.00036) 0.9984 (0.00028) 0.2055 0.2085 0.2021 0.5964 0.8927
GMM 0.9720 (0.05106) 0.9752 (0.05392) 0.9759 (0.05676) 0.9771 (0.05481)
GQL 0.9911 (0.00041) 0.9946 (0.00015) 0.9921 (0.00036) 0.9939 (0.00027) 0.2064 0.2073 0.2004 0.5924 0.8970
500 CMLE 1.0281 (0.00025) 0.9989 (0.00009) 0.9969 (0.00016) 0.9997 (0.00010) 0.2064 0.2074 0.2078 0.5935 0.8982
GMM 1.2408 (0.02172) 0.9840 (0.02830) 0.9885 (0.02108) 0.9822 (0.02986)
GQL 1.0108 (0.00022) 0.9905 (0.00008) 0.9998 (0.00013) 0.9915 (0.00009) 0.2034 0.2038 0.2005 0.5909 0.8981
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Table 4: Estimates of the parameters (standard errors) under non-stationary set-up for pr, = [p; =
0.2,p2 = 02] and a1 = [041,1 = 0.2, Qg1 = 06]

(1 51 (2 s[2 . . N . .
P12,1 T Method ﬂg ] ﬁg ] B[l ! Bg ! h1 h2 41,1 2,1 h12,1
03 60 GMM 0.9796 (0.0933) 0.9707 (0.0919) 0.9710 (0.0989) 1.3441 (0.0920)
GQL 0.9955 (0.0033) 0.9968 (0.0041) 0.9975 (0.0021) 1.0121 (0.0047) 0.1979 02015 0.1991 0.6012 0.2947
100 GMM 0.9745 (0.0667) 0.9710 (0.0611) 13641 (0.0679) 1.3507 (0.0624)
GQL 0.9954 (0.0019) 0.9946 (0.0017) 1.0523 (0.0012) 1.0475 (0.0006) 02011 02002 02042 05945 0.2963

500 GMM 0.9899 (0.02710) 0.9813 (0.02915) 1.2841 (0.02803) 0.9809 (0.02207)

GQL 0.9955 (0.00028) 0.9997 (0.00071) 1.0012 (0.00066) 0.9985 (0.00025) 0.2021 0.1980 0.2041 0.5957 0.2967
0.9 60 GMM 0.9708 (0.0889) 0.9748 (0.0831) 1.3615 (0.0811) 1.3363 (0.0827)
GQL 0.9935 (0.0010) 0.9947 (0.0022) 1.0147 (0.0034) 1.0218 (0.0046) 0.1956 0.1982 0.2043 0.5993 0.9001

100 GMM 0.9775 (0.05551) 0.9701 (0.05667) 0.9760 (0.05492) 0.9770 (0.05332)

GQL 0.9919 (0.00024) 0.9957 (0.00012) 0.9926 (0.00023) 0.9944 (0.00021) 0.2084 0.2087 0.2002 0.5967 0.8981
500 GMM 1.2214 (0.01425) 0.9817 (0.01332) 0.9732 (0.01630) 0.9790 (0.01361)
GQL 1.0022 (0.00021) 0.9923 (0.00004) 0.9901 (0.00011) 0.9929 (0.00007) 0.2021 0.2022 0.2003 0.5918 0.8989
Table 5: Estimates of the parameters (standard errors) under stationary set-up for pp = [p1 =

0.2,[)2 = 02] and a1 = [CK1$1 = 06, Q21 = 02]

a1 a1 a[2 a2 N N N N N

P12,1 T Method fg ! ﬁé ! (3£ ] ﬁg ! p1 p2 &1,1 &2,1 p12,1

0.3 60 CMLE 0.9925 (0.0051) 0.9953 (0.0098) 0.9900 (0.0077) 0.9918 (0.0048) 0.2021 0.2006 0.6018 0.1901 0.2943
GMM 0.9793 (0.0784) 0.9772 (0.0760) 0.9739 (0.0755) 0.9750 (0.0739)

GQL 0.9955 (0.0049) 0.9964 (0.0096) 0.9946 (0.0075) 0.9936 (0.0046) 02071 02002 0.6049  0.1977 0.2902

100 CMLE 1.0911 (0.0018) 1.0954 (0.0025) 0.9961 (0.0027) 0.9919 (0.0022) 0.2030 0.2002 0.6097 0.2017 0.2975
GMM 1.3211 (0.0460) 1.3233 (0.0453) 0.9732 (0.0490) 0.9934 (0.0511)

GQL 1.0912 (0.0015) 1.0917 (0.0022) 0.9973 (0.0024) 0.9956 (0.0019) 02068 02037  0.6008 02054 0.2977

500 CMLE 0.9973 (0.00065) 0.9998 (0.00098) 0.9957 (0.00040) 0.9937 (0.00024) 0.2057 0.2013 0.6022 0.2096 0.2919

GMM 0.9866 (0.01100) 0.9800 (0.01676) 0.9888 (0.01102) 0.9824 (0.01453)

GQL 0.9957 (0.00063) 0.9929 (0.00097) 0.9985 (0.00039) 0.9991 (0.00021) 0.2043 0.2036 0.6013 0.2058 0.2911

0.9 60 CMLE 1.0283 (0.0078) 0.9950 (0.0088) 0.9982 (0.0047) 0.9933 (0.0028) 0.2073 0.2082 0.6018 0.1978 0.8911
GMM 1.3834 (0.0808) 0.9725 (0.0896) 0.9792 (0.0850) 0.9742 (0.0883)

GQL 1.0171 (0.0076) 0.9985 (0.0087) 0.9976 (0.0043) 0.9959 (0.0027) 0.2004 0.2010 0.6036 0.1982 0.8915

100 CMLE 1.0918 (0.0015) 1.0910 (0.0027) 1.0928 (0.0038) 0.9910 (0.0009) 0.2040 0.2018 0.6087 0.2082 0.8975
GMM 1.3920 (0.0532) 1.3215 (0.0518) 1.3686 (0.0560) 0.9746 (0.0514)

GQL 1.0974 (0.0013) 1.0996 (0.0024) 1.0973 (0.0037) 0.9918 (0.0008) 0.2008 0.2023 0.6026 0.2020 0.8974

500 CMLE 0.9959 (0.00101) 0.9911 (0.00022) 0.9974 (0.00034) 0.9910 (0.00027) 0.2017 0.2098 0.6094 0.1960 0.8961
GMM 0.9845 (0.01501) 0.9998 (0.01969) 0.9931 (0.01051) 0.9978 (0.01760)

GQL 0.9919 (0.00090) 0.9978 (0.00021) 0.9971 (0.00032) 0.9945 (0.00025) 0.2021 0.2089 0.6045 0.1984 0.8906
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Table 6: Estimates of the parameters (standard errors) under non-stationary set-up for pr, = [p; =
0.2, P2 = 02] and a1 = [041,1 = 06, Qg1 = 02]
a1 a1 a2 a2 . o N ~ .
P12,1 T Method ﬂg ] ﬁg] B[l ! Bgl h1 h2 41,1 2,1 h12,1
03 60 GMM 0.9743 (0.0825) 0.9721 (0.0851) 0.9758 (0.0812) 0.9794 (0.0825)
GQL 0.9966 (0.0031) 0.9975 (0.0042) 0.9959 (0.0051) 0.9947 (0.0024) 0.2019 0.2001 0.6031 0.1985 0.2942
100 GMM 1.3225 (0.0522) 1.3749 (0.0542) 1.3447 (0.0533) 0.9952 (0.0525)
GQL 1.0147 (0.0012) 1.0213 (0.0016) 1.0013 (0.0018) 0.9976 (0.0013) 0.2064 0.2025 0.6004 0.2033 0.2982
500 GMM 0.9723 (0.03010) 0.9828 (0.03899) 0.9820 (0.03438) 0.9875 (0.03119)
GQL 0.9965 (0.00054) 0.9947 (0.00066) 0.9991 (0.00031) 0.9995 (0.00015) 0.2059 0.2061 0.6007 0.2041 0.2933
0.9 60 GMM 1.3466 (0.0768) 0.9791 (0.0747) 0.9719 (0.0719) 0.9735 (0.0778)
GQL 1.0081 (0.0055) 0.9988 (0.0062) 0.9981 (0.0033) 0.9969 (0.0022) 0.2002 0.2005 0.6021 0.1988 0.8945
100 GMM 1.3168 (0.0435) 1.3613 (0.0485) 1.3568 (0.0445) 0.9920 (0.0453)
GQL 1.0416 (0.0011) 1.0382 (0.0019) 1.0258 (0.0013) 0.9952 (0.0006) 0.2016 0.2012 0.6015 0.2017 0.8986
500 GMM 0.9823 (0.01124) 0.9880 (0.01720) 0.9828 (0.01422) 0.9831 (0.01112)
GQL 0.9931 (0.00070) 0.9983 (0.00017) 0.9979 (0.00025) 0.9958 (0.00022) 0.2012 0.2071 0.6032 0.1989 0.8929
Table 7: Estimates of the parameters (standard errors) under stationary set-up for pp = [p1 =
0.2, P2 = 02] and a1 = [CK1$1 = 0.2, Q21 = 02]
a1 a1 a2 a2 N N N N .
P12,1 T Method fg ! ﬁé] (3£ ] ﬁgl p1 p2 &1,1 &2,1 p12,1
0.3 60 CMLE 1.0904 (0.0098) 1.0962 (0.0085) 0.9931 (0.0076) 0.9916 (0.0056) 0.2118 0.1987 0.2040 0.2031 0.2910
GMM 1.3726 (0.0871) 1.3991 (0.0824) 0.9792 (0.0831) 0.9738 (0.0837)
GQL 1.0941 (0.0096) 1.0971 (0.0082) 0.9985 (0.0073) 0.9913 (0.0055) 02173 0.1939 0.2058 0.2098 0.2922
100 CMLE 1.0991 (0.0015) 0.9918 (0.0024) 0.9917 (0.0017) 1.0923 (0.0016) 0.2013 0.2083 0.2026 0.2021 0.2979
GMM 1.3084 (0.0539) 0.9741 (0.0550) 0.9740 (0.0514) 1.3451 (0.0556)
GQL 1.0916 (0.0012) 0.9947 (0.0022) 0.9956 (0.0015) 1.0992 (0.0014) 0.2070 0.2044 0.2005 0.2057 0.2952
500 CMLE 0.9934 (0.00025) 0.9976 (0.00019) 0.9913 (0.00034) 0.9922 (0.00043) 0.2029 0.2082 0.2093 0.2092 0.2942
GMM 0.9891 (0.02270) 0.9817 (0.02052) 0.9835 (0.02505) 0.9811 (0.02187)
GQL 0.9922 (0.00023) 0.9982 (0.00017) 0.9945 (0.00031) 0.9971 (0.00041) 0.2021 0.2029 0.2043 0.2056 0.2977
0.9 60 CMLE 0.9951 (0.0018) 0.9954 (0.0085) 1.0961 (0.0098) 0.9980 (0.0057) 0.2065 0.2035 0.2032 0.2049 0.8922
GMM 0.9789 (0.0721) 0.9717 (0.0718) 1.3178 (0.0717) 0.9767 (0.0795)
GQL 0.9964 (0.0016) 0.9928 (0.0081) 1.0987 (0.0097) 0.9914 (0.0054) 0.2015 0.2014 0.2096 0.2069 0.8932
100 CMLE 0.9905 (0.0008) 1.0965 (0.0015) 0.9990 (0.0026) 1.0931 (0.0034) 0.2046 0.2096 0.2034 0.2003 0.8914
GMM 0.9712 (0.0546) 1.3853 (0.0511) 0.9730 (0.0569) 1.3491 (0.0585)
GQL 0.9932 (0.0007) 1.0985 (0.0013) 0.9948 (0.0023) 1.0917 (0.0031) 0.2013 0.2006 0.2071 0.2013 0.8971
500 CMLE 0.9980 (0.00015) 0.9901 (0.00029) 0.9919 (0.00017) 0.9946 (0.00059) 0.2087 0.2052 0.2005 0.1941 0.8958
GMM 0.9823 (0.01066) 0.9801 (0.01137) 0.9802 (0.01536) 0.9788 (0.01429)
GQL 0.9916 (0.00014) 0.9973 (0.00028) 0.9941 (0.00014) 0.9905 (0.00057) 0.2068 0.2016 0.2094 0.1988 0.8996
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Table 8: Estimates of the parameters (standard errors) under non-stationary set-up for pr, = [p1

0.2,p2 = 02] and a1 = [041,1 = 0.2, Qg1 = 02]
51 51 (2 s[2 R R N . N

P12,1 T Method ﬂg ] ﬁg ] B[l ! ﬂg ! h1 h2 41,1 2,1 h12,1

03 60 GMM 1.3034 (0.0898) 1.3649 (0.0827) 0.9791 (0.0874) 0.9710 (0.0825)
GQL 1.0105 (0.0065) 1.0207 (0.0042) 0.9988 (0.0051) 0.9935 (0.0037) 02089 02098 02045 02064 0.2939

100 GMM 1.3467 (0.0655) 0.9753 (0.0644) 0.9759 (0.0616) 1.3866 (0.0649)
GQL 1.0527 (0.0011) 0.9971 (0.0013) 0.9964 (0.0012) 1.0613 (0.0011) 02021 02023 02002 02041 0.3013

500 GMM 09796 (0.02892)  0.9711(0.02004) 09770 (0.02779)  0.9737 (0.02425)
GQL 0.9937 (0.00019)  0.9988 (0.00012)  0.9958 (0.00022) 09978 (0.00033) 02012 02017 02027  0.2024 0.2986

0.9 60 GMM 0.9781 (0.0913) 0.9768 (0.0941) 13244 (0.0990) 0.9721 (0.0970)
GQL 0.9975 (0.0012) 0.9947 (0.0062) 1.0432 (0.0071) 0.9951 (0.0042) 02007 02008 02041 0.2052 0.8961

100 GMM 0.9739 (0.0646) 1.3335 (0.0676) 0.9935 (0.0632) 13017 (0.0610)
GQL 0.9941 (0.0006) 1.0991 (0.0011) 0.9963 (0.0021) 1.0456 (0.0024) 02009 02003 02024 02011 0.8982

500 GMM 0.9832 (0.03041)  0.9828 (0.03204) 0.9861 (0.0335) 0.9830 (0.03706)
GQL 0.9929 (0.00011)  0.9984 (0.00022)  0.9955(0.00012)  0.9956 (0.00028)  0.2011 02012 0.2051 0.2005 0.9001

(0.00011) (0.00022) (0.00012) (0.00028)

5 Conclusion

In this paper, a new full BINAR(1) Poisson model (FBINAR1M?2) is designed under the assumption
that the cross-correlation is formed via the non-stationary bivariate innovative series and the cross-
correlation between observations at the current time point with observation of the second variate at
the previous time point. As a substitute to an extremely complicated conditional likelihood estima-
tion approach, a consistent and equally efficient GQL approach is developed. Through simulation
studies, it is shown that the GQL approach performs remarkably well and yields consistent estimates
of the regression, serial- and cross-correlation parameters that are more efficient than those obtained
under GMM and CMLE.
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Table 9: Number of non-convergent simulations under GQL, CMLE and GMM for the different
combinations under stationary set-up and under GQL and GMM for the different combinations
under non-stationary set-up.

Stationary Non-stationary
p1 po 1.1 &1 p12,1 T GQL CMLE GMM GQL GMM
0.6 0.6 0.2 0.2 03 60 140 270 160 1800 1850

100 125 250 150 1700 1740

500 100 215 120 1000 1100

0.9 60 150 280 175 1830 1875

100 130 260 160 1750 1790

500 115 200 130 1100 1180

0.2 0.2 0.6 0.2 0.3 60 155 270 160 1750 1800
100 125 240 130 1680 1725

500 100 200 110 925 990

0.9 60 140 280 175 1810 1860

100 125 250 135 1710 1770

500 105 195 120 990 1040

0.2 0.2 0.2 0.6 0.3 60 150 275 165 1740 1810
100 120 240 130 1660 1720

500 105 210 110 920 980

0.9 60 140 270 170 1800 1850

100 125 250 135 1700 1750

500 110 190 125 970 1010

0.2 0.2 0.2 0.2 0.3 60 140 270 160 1630 1700
100 110 230 120 1590 1630

500 100 200 100 870 910

0.9 60 135 260 150 1720 1780

100 120 240 130 1625 1650

500 105 170 110 890 925
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