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SUMMARY

It is commonly observed in medical and financial studies that large volume of time series
of count data are collected for several variates. The modelling of such time series and
the estimation of parameters under such processes are rather challenging since these high
dimensional time series are influenced by time-varying covariates that eventually render
the data non-stationary. This paper considers the modelling of a bivariate integer-valued
autoregressive (BINAR(1)) process where the innovation terms are distributed under non-
stationary Poisson moments. Since the full and conditional likelihood approaches are cum-
bersome in this situation, a Generalized Quasi-likelihood (GQL) approach is proposed to
estimate the regression effects while the serial and time-dependent cross correlation effects
are handled by method of moments. This new technique is assessed over several simula-
tion experiments and the results demonstrate that GQL yields consistent estimates and is
computationally stable since few non-convergent simulations are reported.
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1 Introduction

Most of the univariate time series models that have been developed so far are based on the observation-
driven (OD) integer-valued autoregressive (INAR(1)) process (See McKenzie, 1985; Al Osh and
Alzaid, 1987; Kim and Park, 2008). In these models, it is relatively parsimonious to formulate the
conditional likelihood estimating equations and used the iterative Newton-Raphson or Fisher-scoring
algorithm to obtain the parameter estimates of the regression and serial correlation parameters. How-
ever, in some important practical settings, the time series of counts are collected for two variables
where apart from the serial correlation within each series, there exists as well a cross-correlation be-
tween the two series and this lead to a bivariate INAR(1) (BINAR(1)) time series set-up. In addition,
these time series of counts are subject to some time-independent and time-varying covariates that
induce non-stationary correlations. Thus, the modelling of the BINAR(1) time series is challenging.

In literature, Pedeli and Karlis (2009, 2011) developed the first BINAR(1) time series of counts
(CBINAR1M1) which was a simple extension of two INAR(1) processes where the cross correla-
tion between the two series was induced by the innovation terms of the two series. The innovation
series were assumed to follow the bivariate Poisson or some bivariate Generalized Poisson distri-
butions. Later, Pedeli and Karlis (2013a) extended the CBINAR1M1 to a full BINAR(1) process
(FBINAR1M1) by considering a more complex cross correlation structure where apart from the
bivariately distributed innovation terms, the cross correlation was also induced by relating the obser-
vation from the first variate with observation from the second variate via the binomial thinning oper-
ator. However, both CBINAR1M1 and FBINAR1M1 were developed under stationary distributional
or time-independent covariate assumptions. Recently, Mamode Khan et al. (2016b) introduced the
first constrained BINAR(1) (CBINAR1M2) Poisson time series model under non-stationary set-up.
In their model, the mean and variance parameters of the bivariate innovation series were functions of
time-dependent covariates, but so far, there is no full BINAR(1) process for non-stationary bivariate
time series of counts such as the number of stock transactions of two companies operating in the
same line of business, the number of daytime and nighttime accidents in an area, the number of day
and night larceny acts and many others.

As for the inference procedures, Pedeli and Karlis (2009, 2011, 2013a) developed CMLE and
method of moment approaches to estimate the mean and correlation parameters respectively in CBI-
NAR1M1 and FBINAR1M1 models. Through simulation studies, CMLE was shown to provide esti-
mates with lower bias than the moment based approach. Based on these results, Mamode Khan et al.
(2016b) developed the CMLE under time-dependent covariates for the non-stationary CBINAR1M2
and remarked that its log-information Hessian matrix was computationally intensive. As an alter-
native, Mamode Khan et al. (2016b) proposed a generalized quasi-likelihood approach (GQL) that
depends only on the notion of the marginal means, variances and joint covariances. This GQL equa-
tion was then solved iteratively using Newton-Raphson to obtain estimates of the mean parameters
while a robust method of moment was implemented to estimate the non-stationary serial and cross
correlations based on the findings of Sutradhar and Das (1999) and Jowaheer and Sutradhar (2005).
Besides, through simulation studies, GQL yielded equally efficient estimates as CMLE but far more
efficient estimates than GMM (Qu and Lindsay, 2003) and GEE (Liang and Zeger, 1986). Thus, in
this paper, we propose to develop a GQL approach for the full non-stationary Poisson BINAR(1)
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process (FBINAR1M2) as well as CMLE and GMM adaptive equations. The performance of these
methodologies are tested through a simulation study.

The outline of the paper is as follows: In Section 2, we introduce the FBINAR1M2 Poisson
time series model and the marginal moments and joint covariances are derived under non-stationary
distributional assumptions. In Section 3, we develop CMLE, GMM adaptive and GQL estimating
functions to estimate the regression, serial and cross correlation parameters under the non-stationary
FBINAR1M2 model which have not yet been explored in time series literature so far. This paper
also compares the performance of CMLE, GMM adaptive and GQL on their basis of their statistical
and computational efficiencies through a simulation study. The paper is concluded in Section 5.

2 The Non-Stationary Poisson BINAR(1) Model

Following Mamode Khan et al. (2016b), we extend the CBINAR1M2 to account for the cross-
correlation between the innovation series and the cross-correlation between the current observation
at time t with the other variate previous lagged observations such that the FBINAR1M2 model is
written as:

Y
[1]
t = ρ1 ∗ Y [1]

t−1 + α1,t−1 ∗ Y [2]
t−1 + d

[1]
t (2.1)

Y
[2]
t = ρ2 ∗ Y [2]

t−1 + α2,t−1 ∗ Y [1]
t−1 + d

[2]
t , (2.2)

where 0 < α1,t−1, α2,t−1, ρ1, ρ2 < 1 and ρk represent the serial correlation and αk,t−1 are the
cross-correlation that needs to be estimated. Y [k]

t−1 and d[k]t are independent. As for the thinning

operation (Steutel and Van Harn, 1979), θ ∗Y [k]
t−1 =

∑Y
[k]
t−1

j=1 bj(θ) and bj(θ) is a binary variable with
prob[bj(θ) = 1] = θ and prob[bj(θ) = 0] = 1− θ such that

θ ∗ Y [k]
t−1|Y

[k]
t−1, θ ∼ Binomial(Y [k]

t−1, θ)

In the above model, the Y [k]
t are subject to a p × 1 vector of covariates xt = [xt1, xt2, . . . , xtp]

and µ[k]
t = exp(xTt β

[k]), where β[k] is the p× 1 vector of regression coefficients for the kth series.
From Equations (2.1) and (2.2), Y [k]

t−1 ∼ Poisson(µ
[k]
t−1). d[1]t and d[2]t follow the bivariate Poisson

distribution (BivPoisson) (Kocherlakota and Kocherlakota, 2001) such that

P
(
d
[1]
t = u, d

[2]
t = v

)
= e−

(
λ
[1]
t +λ

[2]
t −φt

)
(λ

[1]
t − φt)u (λ

[2]
t − φt)v

u! v!

×
s∑
i=0

(
u

i

)(
v

i

)
φit i!

[(
λ
[1]
t − φt

) (
λ
[2]
t − φt

)]−i
(2.3)

and following equation (2.3), d[k]t ∼ Poisson(λ
[k]
t ), where λ[1]t = (µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1),

λ
[2]
t = (µ

[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1), s = min(u, v), λ[1]t , λ

[2]
t > 0, and φt ∈ [0,min(λ

[1]
t , λ

[2]
t )].
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φt denotes the covariance between the two error terms, such that

Cov
(
d
[1]
t , d

[2]

t′

)
=

φt it = t
′
,

0 ift 6= t
′
.

and alternatively

φt = ρ12,t

√
λ
[1]
t

√
λ
[2]
t ,

where ρ12,t denotes the bivariate cross-correlation between the innovation series d[1]t and d[2]t and
0 ≤ ρ12,t ≤ 1. From the above assumption, it can be proved that

E(Y
[k]
t ) = V ar(Y

[k]
t ) = µ

[k]
t

Similarly, the lag-h correlation for the kth series is

Corr
(
Y

[k]
t , Y

[k]
t+h

)
=
ρhk

√
µ
[k]
t√

µ
[k]
t+h

(2.4)

As for the joint covariance σt,12 = Cov(Y
[1]
t , Y

[2]
t ), from Equations (2.1) and (2.2)

E(Y
[1]
t Y

[2]
t ) = ρ1ρ2E[Y

[1]
t−1Y

[2]
t−1] + α1,t−1α2,t−1E[Y

[1]
t−1Y

[2]
t−1] + α2,t−1ρ1µ

[1]
t−1 + α2,t−1ρ1(µ

[1]
t−1)2

+ ρ1µ
[1]
t−1µ

[2]
t − ρ1ρ2µ

[1]
t−1µ

[2]
t−1 − ρ1α2,t−1(µ

[1]
t−1)2 + α1,t−1ρ2µ

[2]
t−1

+ α1,t−1ρ2(µ
[2]
t−1)2 + α1,t−1µ

[2]
t−1µ

[2]
t − α1,t−1ρ2(µ

[2]
t−1)2 − α1,t−1α2,t−1µ

[1]
t−1µ

[2]
t−1

+ ρ2µ
[1]
t µ

[2]
t−1 − ρ2ρ1µ

[1]
t−1µ

[2]
t−1 − α1,t−1ρ2(µ

[2]
t−1)2 + α2,t−1µ

[1]
t−1µ

[1]
t

− ρ1α2,t−1(µ
[1]
t−1)2 − α1,t−1α2,t−1µ

[1]
t−1µ

[2]
t−1 + E(d

[1]
t d

[2]
t )

and by simplifying σt,12, a first-order difference equation is obtained, where

σt,12 = (ρ1ρ2 + α1,t−1α2,t−1)Cov
(
Y

[1]
t−1, Y

[2]
t−1
)

+ ρ12,t

√
λ
[1]
t

√
λ
[2]
t

+ ρ1α2,t−1µ
[1]
t−1 + α1,t−1ρ2µ

[2]
t−1

For the other off-diagonal covariance,

E(Y
[1]
t Y

[2]
t+1) = ρ2 Cov

(
Y

[1]
t , Y

[2]
t

)
+ α2,t Cov

(
Y

[1]
t , Y

[1]
t

)
+ µ

[1]
t µ

[2]
t+1 (2.5)

E(Y
[1]
t Y

[2]
t+2) = ρ2 Cov

(
Y

[1]
t , Y

[2]
t+1

)
+ α2,t+1 Cov

(
Y

[1]
t , Y

[1]
t+1

)
+ µ

[1]
t µ

[2]
t+2 (2.6)

(See detailed derivation for Equations (2.5) and (2.6) in Appendix A).

E(Y
[1]
t Y

[2]
t+h) = ρ2 Cov

(
Y

[1]
t , Y

[2]
t+h−1

)
+ α2,t+h−1 Cov

(
Y

[1]
t , Y

[1]
t+h−1

)
+ µ

[1]
t µ

[2]
t+h (2.7)
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Using Equations(2.5) – (2.7), we have

Cov
(
Y

[1]
t , Y

[2]
t+h

)
= ρ2 Cov

(
Y

[1]
t , Y

[2]
t+h−1

)
+ α2,t+h−1 Cov

(
Y

[1]
t , Y

[1]
t+h−1

)
= ρh2

[(
ρ1ρ2 + α1,t−1α2,t−1

)
Cov

(
Y

[1]
t−1, Y

[2]
t−1
)

+ ρ12,t

√
λ
[1]
t

√
λ
[2]
t

+ ρ1α2,t−1µ
[1]
t−1 + α1,t−1ρ2µ

[2]
t−1

]
+ µ

[1]
t

h−1∑
j=0

ρj2ρ
h−j−1
1 α2,t+h−1−j

and similarly,

Cov
(
Y

[1]
t+h, Y

[2]
t

)
= ρh1

[(
ρ1ρ2 + α1,t−1α2,t−1

)
Cov

(
Y

[1]
t−1, Y

[2]
t−1
)

+ ρ12,t

√
λ
[1]
t

√
λ
[2]
t

+ ρ1α2,t−1µ
[1]
t−1 + α1,t−1ρ2µ

[2]
t−1

]
+ µ

[2]
t

h−1∑
j=0

ρj1ρ
h−j−1
2 α1,t+h−1−j .

Under time-independent covariates assumption, σt,12 is reduced to

σ12 =
ρ1α2,1µ

[1]
1 + α1,1ρ2µ

[2]
1 + ρ12

√
λ
[1]
1

√
λ
[2]
1

(1− ρ1ρ2 − α1,1α2,1)

Cov
(
Y

[1]
t , Y

[2]
t+h

)
= ρ2Cov

(
Y

[1]
t , Y

[2]
t+h−1

)
+ α2,1Cov

(
Y

[1]
t , Y

[1]
t+h−1

)
= ρh2σ12 + α2,1µ

[1]
1

h−1∑
j=0

ρj2ρ
h−j−1
1

Cov
(
Y

[1]
t+h, Y

[2]
t

)
= ρ1Cov

(
Y

[1]
t+h−1, Y

[2]
t

)
+ α1,1Cov

(
Y

[1]
t+h−1Y

[1]
t

)
= ρh1σ12 + α1,1µ

[2]
1

h−1∑
j=0

ρj1ρ
h−j−1
2

where α1,1 and α2,1 are the stationary cross-dependence terms in Equations (2.1) and (2.2). Note
that these stationary cross-covariance expressions have the same formulation as Pedeli and Karlis
(2013a).

3 Estimation of Parameters

This section reviews the estimation methodologies employed in estimating the regression, serial-
and cross-correlation parameters. For the CBINAR1M1 and FBINAR1M1, Pedeli and Karlis (2009,
2011, 2013a) developed the CMLE approach and method of moments approach but as mentioned,
these two models were designed under stationary assumptions and yet the CMLE was computa-
tionally intensive. Mamode Khan et al. (2016b) recently developed the GQL estimation technique
for the non-stationary CBINAR1M2 where through simulation studies, it was noted that CMLE
and GQL yielded equally efficient estimates asymptotically while far more efficient estimates than
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GMM. Besides, GQL is more parsimonious than CMLE since it depends only on the notion of the
marginal and joint moments. However, CMLE, GMM and GQL have not yet been developed for
the FBINAR1M2 model. In the subsections that follow, these estimation approaches are derived in
details and their merits and drawbacks are also highlighted.

3.1 CMLE

The conditional density for the FBINAR1M2 model is expressed as (Pedeli and Karlis, 2013a):

f1(k) =

k∑
j1=0

(
y
[1]
t−1
j1

)(
y
[2]
t−1

k − j1

)
ρj11 (1− ρ1)y

[1]
t−1−j1αk−j11,t−1(1− α1,t−1)y

[2]
t−1−k+j1

f2(s) =

s∑
j2=0

(
y
[2]
t−1
j2

)(
y
[1]
t−1

s− j2

)
ρj22 (1− ρ2)y

[2]
t−1−j2αs−j22,t−1(1− α2,t−1)y

[1]
t−1−s+j2

and a bivariate distribution of the innovation terms of the form f3(u, v) = P
(
d
[1]
t = u, d

[2]
t = v

)
.

Then, the conditional density is written as (Pedeli and Karlis, 2013a)

f
(
y
[1]
t , y

[2]
t

∣∣ y[1]t−1, y[2]t−1, θ)
=

g1∑
k=0

g2∑
s=0

f1(k) f2(s) f3
(
y
[1]
t − k, y

[2]
t − s

)
=

g1∑
k=0

g2∑
s=0

[ k∑
j1=0

(
y
[1]
t−1
j1

)(
y
[2]
t−1

k − j1

)
ρj11 (1− ρ1)y

[1]
t−1−j1αk−j11,t−1(1− α1,t−1)y

[2]
t−1−k+j1

]
×
[ s∑
j2=0

(
y
[2]
t−1
j2

)(
y
[1]
t−1

s− j2

)
ρj22 (1− ρ2)y

[2]
t−1−j2αs−j22,t−1(1− α2,t−1)y

[1]
t−1−s+j2

× e−(µ
[1]
t −ρ1µ

[1]
t−1−α1,t−1µ

[2]
t−1+µ

[2]
t −ρ2µ

[2]
t−1−α2,t−1µ

[1]
t−1−φt)

×
min(k,s)∑
m=0

[(
µ
[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt

)y[1]t −k−m
×
(
µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt

)y[2]t −s−mφmt ]
/[(y

[1]
t − k −m)!(y

[2]
t − s−m)!m!

]
where θ =

(
ρk, αk,t−1, φt, β

[k]
)′

is the vector of unknown parameters, g1 = min(y
[1]
t , y

[1]
t−1) and

g2 = min(y
[2]
t , y

[2]
t−1).

The conditional likelihood function is then given by

L(θ | y) =

T∏
t=1

f
(
y
[k]
t | y

[k]
t−1, θ

)



The non-stationary bivariate INAR under . . . 25

for some initial values of θ and by maximizing the conditional likelihood function

logL(θ | y) = log

T∑
t=1

f
(
y
[k]
t | y

[k]
t−1, θ

)
the following expressions are obtained:

Differentiating with respect to ρ1, we have

∂ logL(θ | y)

∂ρ1
=

T∑
t=1

[
g1∑
k=0

g2∑
s=0

[
f2(s)f3

(
y
[1]
t − k, y

[2]
t − s

)∂f1(k)

∂ρ1

+ f1(k)f2(s)
∂

∂ρ1
f3(y

[1]
t − k, y

[2]
t − s)

][ g1∑
k=0

g2∑
s=0

f(y
[k]
t | y

[k]
t−1, θ)

]−1]
, (3.1)

where

∂f1(k)

∂ρ1
=

k∑
j1=0

(
y
[1]
t−1
j1

)(
y
[2]
t−1

k − j1

)
αk−j11,t−1(1− α1,t−1)y

[2]
t−1−k+j1

×
[
j1ρ

j1−1
1 (1− ρ1)y

[1]
t−1−j1 − ρj11 (y

[1]
t−1 − j1)(1− ρ1)y

[1]
t−1−j1−1

]
and

∂

∂ρ1
f3(y

[1]
t − k, y

[2]
t − s)

=

min(k,s)∑
m=0

e−(µ
[1]
t −ρ1µ

[1]
t−1−α1,t−1µ

[2]
t−1+µ

[2]
t −ρ2µ

[2]
t−1−α2,t−1µ

[1]
t−1−φt)

(y
[1]
t − k −m)!(y

[2]
t − s−m)!m!

×
[
µ
[1]
t−1(µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−mφmt

− µ[1]
t−1(y

[1]
t − k −m)(µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m−1

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−mφmt

]
and the double derivative with respect to ρ1 is

T∑
t=1

∂2 logL(θ | y)]

∂ρ21

=

T∑
t=1

[∑g1
k=0

∑g2
s=0 f2f3

∂2f1
∂ρ21

+ f2
∂f1
∂ρ1

∂f3
∂ρ1

+ f1f2
∂2f3
∂ρ21

+ f2
∂f1
∂ρ1

∂f3
∂ρ1∑g1

k=0

∑g2
s=0 f(y

[k]
t | y

[k]
t−1, θ)

−
∑g1
k=0

∑g2
s=0

(
f2f3

∂f1
∂ρ1

+ f1f2
∂f3
∂ρ1

)2∑g1
k=0

∑g2
s=0

{
f(y

[k]
t | y

[k]
t−1, θ)

}2
]
, (3.2)
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where

∂2f1(k)

∂ρ21
=

k∑
j1=0

(
y
[1]
t−1
j1

)(
y
[2]
t−1

k − j1

)
αk−j11,t−1(1− α1,t−1)y

[2]
t−1−k+j1

×
[
j1(j1 − 1)ρj1−21 (1− ρ1)y

[1]
t−1−j1 − j1ρj1−11 (y

[1]
t−1 − j1)(1− ρ1)y

[1]
t−1−j1−1

− j1ρj1−11 (y
[1]
t−1 − j1)(1− ρ1)y

[1]
t−1−j1−1

+ ρj11 (y
[1]
t−1 − j1)(y

[1]
t−1 − j1 − 1)(1− ρ1)y

[1]
t−1−j1−2

]
and

∂2

∂ρ21
f3(y

[1]
t − k, y

[2]
t − s) =

min(k,s)∑
m=0

e−(µ
[1]
t −ρ1µ

[1]
t−1−α1,t−1µ

[2]
t−1+µ

[2]
t −ρ2µ

[2]
t−1−α2,t−1µ

[1]
t−1−φt)

(y
[1]
t − k −m)!(y

[2]
t − s−m)!m!

× [−µ2
t−1

[1]
(µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−mφmt

+ µ2
t−1

[1]
(y

[1]
t − k −m)(µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m−1

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−mφmt

− µ2
t−1

[1]
(y

[1]
t − k −m)(µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m−1

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−mφmt

+ µ2
t−1

[1]
(y

[1]
t − k −m)(y

[1]
t − k −m− 1)

× (µ
[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m−2

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−mφmt ].

The above derivation confirms that the double derivative for CMLE is computationally intensive
under non-stationary assumptions. Differentiating with respect to ρ2, we have

T∑
t=1

∂ logL(θ | y)

∂ρ2
=

T∑
t=1

[ g1∑
k=0

g2∑
s=0

f
(
y
[k]
t | y

[k]
t−1, θ

)]−1[ g1∑
k=0

g2∑
s=0

f1(k)f3(y
[1]
t − k, y

[2]
t − s)

∂f2(s)

∂ρ2

+ f1(k)f2(s)
∂

∂ρ2
f3(y

[1]
t − k, y

[2]
t − s)

]
,

where

∂f2(s)

∂ρ2
=

s∑
j2=0

(
y
[2]
t−1
j2

)(
y
[1]
t−1

s− j2

)
αs−j22,t−1(1− α2,t−1)y

[1]
t−1−s+j2

[
j2ρ

j2−1
2 (1− ρ2)y

[2]
t−1−j2 − ρj22 (y

[2]
t−1 − j2)(1− ρ2)y

[2]
t−1−j2−1

]
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and

∂

∂ρ2
f3(y

[1]
t − k, y

[2]
t − s) =

min(k,s)∑
m=0

e−(µ
[1]
t −ρ1µ

[1]
t−1−α1,t−1µ

[2]
t−1+µ

[2]
t −ρ2µ

[2]
t−1−α2,t−1µ

[1]
t−1−φt)

(y
[1]
t − k −m)!(y

[2]
t − s−m)!m!

× [µ
[2]
t−1(µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−mφmt

− µ[2]
t−1(y

[2]
t − s−m)(µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−m−1φmt ].

Differentiating with respect to α1,t−1, we have

T∑
t=1

∂ logL(θ | y)

∂α1,t−1
=

T∑
t=1

[ g1∑
k=0

g2∑
s=0

f(y
[k]
t | y

[k]
t−1, θ)

]−1[ g1∑
k=0

g2∑
s=0

f2(s)f3(y
[1]
t − k, y

[2]
t − s)

∂f1(k)

∂α1,t−1

+ f1(k)f2(s)
∂

∂α1,t−1
f3(y

[1]
t − k, y

[2]
t − s)

]
,

where

∂f1(k)

∂α1,t−1
=

k∑
j1=0

(
y
[1]
t−1
j1

)(
y
[2]
t−1

k − j1

)
ρj11 (1− ρ1)y

[1]
t−1−j1

[
(k − j1)αk−j1−11,t−1 (1− α1,t−1)y

[2]
t−1−k+j1

− αk−j11,t−1(y
[2]
t−1 − k + j1)(1− α1,t−1)y

[2]
t−1−k+j1−1

]
and

∂

∂α1,t−1
f3(y

[1]
t − k, y

[2]
t − s)

=

min(k,s)∑
m=0

e−(µ
[1]
t −ρ1µ

[1]
t−1−α1,t−1µ

[2]
t−1+µ

[2]
t −ρ2µ

[2]
t−1−α2,t−1µ

[1]
t−1−φt)

(y
[1]
t − k −m)!(y

[2]
t − s−m)!m!

×
[
µ
[2]
t−1(µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−mφmt

− µ[2]
t−1(y

[1]
t − k −m)(µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m−1

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−mφmt

]
.

Differentiating with respect to α2,t−1, we have

T∑
t=1

∂ logL(θ | y)

∂α2,t−1
=

T∑
t=1

[ g1∑
k=0

g2∑
s=0

f(y
[k]
t |y

[k]
t−1, θ)

]−1[ g1∑
k=0

g2∑
s=0

f1(k)f3(y
[1]
t − k, y

[2]
t − s)

∂f2(s)

∂α2,t−1

+ f1(k)f2(s)
∂

∂α2,t−1
f3(y

[1]
t − k, y

[2]
t − s)

]
,
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where

∂f2(s)

∂α2,t−1
=

k∑
j2=0

(
y
[2]
t−1
j2

)(
y
[1]
t−1

s− j2

)
ρj22 (1− ρ2)y

[2]
t−1−j2

[
(s− j2)αs−j2−12,t−1 (1− α2,t−1)y

[1]
t−1−s+j2

− αs−j22,t−1(y
[1]
t−1 − s+ j2)(1− α2,t−1)y

[1]
t−1−s+j2−1

]
and

∂

∂α2,t−1
f3(y

[1]
t − k, y

[2]
t − s)

=

min(k,s)∑
m=0

e−(µ
[1]
t −ρ1µ

[1]
t−1−α1,t−1µ

[2]
t−1+µ

[2]
t −ρ2µ

[2]
t−1−α2,t−1µ

[1]
t−1−φt)

(y
[1]
t − k −m)!(y

[2]
t − s−m)!m!

×
[
µ
[1]
t−1(µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−mφmt

− µ[1]
t−1(y

[2]
t − s−m)(µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−m−1φmt

]
.

Differentiating with respect to φt, we have

T∑
t=1

∂ logL(θ|y)

∂φt
=

T∑
t=1

∑g1
k=o

∑g2
s=0 f1(k)f2(s) ∂

∂φt
f3(y

[1]
t − k, y

[2]
t − s)∑g1

k=0

∑g2
s=0 f(y

[k]
t | y

[k]
t−1, θ)

,

where

∂

∂φt
f3(y

[1]
t − k, y

[2]
t − s) =

min(k,s)∑
m=0

e−(µ
[1]
t −ρ1µ

[1]
t−1−α1,t−1µ

[2]
t−1+µ

[2]
t −ρ2µ

[2]
t−1−α2,t−1µ

[1]
t−1−φt)

(y
[1]
t − k −m)!(y

[2]
t − s−m)!m!

×
[
(µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−mφmt

+m(µ
[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−mφm−1t

− (y
[1]
t − k −m)(µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m−1

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−mφmt

− (y
[2]
t − s−m)(µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1 − φt)y

[1]
t −k−m

× (µ
[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1 − φt)y

[2]
t −s−m−1φmt

]
.
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Differentiating with respect to β[k], we have

T∑
t=1

∂ logL(θ | y)

∂β[k]
=

T∑
t=1

∂ logL(θ | y)

∂λ
[k]
t

× ∂λ
[k]
t

∂β[k]
,

where

λ
[1]
t = µ

[1]
t − ρ1µ

[1]
t−1 − α1,t−1µ

[2]
t−1

λ
[2]
t = µ

[2]
t − ρ2µ

[2]
t−1 − α2,t−1µ

[1]
t−1,

∂λ
[k]
t

∂β[k]
= µ

[k]
t x

T
t,j − ρkµ

[k]
t−1x

T
t−1,j

T∑
t=1

∂ logL(θ | y)]

∂λ
[k]
t

=

T∑
t=1

∑g1
k=0

∑g2
s=0 f1(k)f2(s) ∂

∂λ
[k]
t

f3(y
[1]
t − k, y

[2]
t − s)∑g1

k=0

∑g2
s=0 f(y

[k]
t | y

[k]
t−1, θ)

with

∂

∂λ
[1]
t

f3(y
[1]
t − k, y

[2]
t − s) =

min(k,s)∑
m=0

e−(λ
[1]
t +λ

[2]
t −φt)

(y
[1]
t − k −m)!(y

[2]
t − s−m)!m![

(y
[1]
t − k −m)(λ

[1]
t − φt)y

[1]
t −k−m−1(λ

[2]
t − φt)y

[2]
t −s−mφmt

− (λ
[1]
t − φt)y

[1]
t −k−m(λ

[2]
t − φt)y

[2]
t −s−mφmt

]

∂

∂λ
[2]
t

f3(y
[1]
t − k, y

[2]
t − s) =

min(u,v)∑
m=0

e−(λ
[1]
t +λ

[2]
t −φt)

(y
[1]
t − k −m)!(y

[2]
t − s−m)!m![

(y
[2]
t − s−m)(λ

[1]
t − φt)y

[1]
t −k−m(λ

[2]
t − φt)y

[2]
t −s−m−1φmt

− (λ
[1]
t − φt)y

[1]
t −k−m(λ

[2]
t − φt)y

[2]
t −s−mφmt

]
.

From the above, it is clear that implementing CMLE under non-stationary assumptions for a full
BINAR(1) is computationally intensive, in particular the double derivative Hessian.

3.2 GQL/GMM Adaptive

Further to Mamode Khan et al. (2016b), the GQL equation is given as follows:

DTΣ−1(ỹ − µ̃) = 0,

where

ỹ =

(
y[1]

y[2]

)
, y[1] =

[
y
[1]
1 , y

[1]
2 , . . . , y

[1]
T

]T
, y[2] =

[
y
[2]
1 , y

[2]
2 , . . . , y

[2]
T

]T
µ̃ =

(
µ[1]

µ[2]

)
, µ[1] =

[
µ
[1]
1 , µ

[1]
2 , . . . , µ

[1]
T

]T
, µ[2] =

[
µ
[2]
1 , µ

[2]
2 , . . . , µ

[2]
T

]T
.
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The derivative matrix is a block diagonal 2T × 2p matrix with [D[1], D[2]] on the diagonals where

D[k] =



∂µ
[k]
1

∂β
[k]
1

∂µk1
∂β

[k]
2

. . .
∂µ

[k]
1

∂β
[k]
p

∂µ
[k]
2

∂β
[k]
1

∂µk2
∂β

[k]
2

. . .
∂µ

[k]
2

∂β
[k]
p

...
...

. . .
...

∂µ
[k]
T

∂β
[k]
1

∂µ
[k]
T

∂β
[k]
2

. . .
∂µ

[k]
T

∂β
[k]
p


(T×p)

(3.3)

and ∂µ
[k]
t

∂β[k] = µ
[k]
t x

T
t . The covariance structure Σ̂ is

V (Y
[1]
1 ) . . . Cov(Y

[1]
1 , Y

[1]
T )

... Cov(Y
[1]
1 , Y

[2]
1 ) . . . Cov(Y

[1]
1 , Y

[2]
T )

...
. . .

...
...

...
. . .

...

Cov(Y
[1]
T , Y

[1]
1 ) . . . V (Y

[1]
T )

... Cov(Y
[1]
T , Y

[2]
1 ) . . . Cov(Y

[1]
T , Y

[2]
T )

. . . . . .
... . . . . . . . . . . . .

Cov(Y
[2]
1 , Y

[1]
1 ) . . . Cov(Y

[2]
1 , Y

[1]
T )

... V (Y
[2]
1 ) . . . Cov(Y

[2]
1 , Y

[2]
T )

...
. . .

...
...

...
. . .

...

Cov(Y
[2]
T , Y

[1]
1 ) . . . Cov(Y

[2]
T , Y

[1]
T )

... Cov(Y
[2]
T , Y

[2]
1 ) . . . V (Y

[2]
T )


The Newton-Raphson iterative technique is used to solve the GQL in Equation (3.3) and this yields(

β̂
[1]
r+1

β̂
[2]
r+1

)
=

(
β̂
[1]
r

β̂
[2]
r

)
+
[
DTΣ−1D

]−1
r

[
DTΣ−1(ỹ − µ̃)

]
r
,

where β̂[k]
r is the estimate at the rth iteration and [·]r is the value of the expression at the rth iteration.

The moment equations to estimate the serial correlations in Equation (2.4) following Jowaheer
and Sutradhar (2005) are given by∑T−1

t=1 ỹt
[k]ỹ

[k]
(t+1)/(T − 1)∑T

t=1(ỹt
[k])2/T

= ρ̂k

T−1∑
t=1

(√
µ
[k]
t /µ

[k]
t+1

)
/(T − 1)

which yields

ρ̂k =
T
∑T−1
t=1 ỹt

[k]ỹ
[k]
(t+1)∑T

t=1(ỹt
[k])2

∑T−1
t=1

√
µ
[k]
t /µ

[k]
t+1

, (3.4)

where ỹt[k] =
(
y
[k]
t − µ

[k]
t

)
/

√
µ
[k]
t . Under the assumption of time-independent covariates with

µ
[k]
t = µ

[k]
1 ,

ˆρk,h =

∑T−1
t=1 ỹt

[k]ỹ
[k]
(t+h)/(T − 1)∑T

t=1(ỹ
[k]
t )2/T

,
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where ρ̂k,h is the estimated serial correlation for the kth series at lag h. The time dependent cross
correlation parameter and correlation parameter between the error terms are obtained as follows:

α̂1,t =
σ̃t+1,t − ρ̂1σ̃tt

µ̂
[2]
t

, α̂2,t =
σ̃t,t+1 − ρ̂2σ̃tt

µ̂
[1]
t

ρ̂12,t =
[
σ̃tt − ρ̂1ρ̂2σ̃t−1,t−1 −

σ̃t−1,t−1(σ̃t+1,t − ρ̂1σ̃tt)(σ̃t,t+1 − ρ̂2σ̃tt)
µ̂
[1]
t−1µ̂

[2]
t−1

− ρ̂1(σ̃t,t+1 − ρ̂2σ̃tt)− ρ̂2(σ̃t+1,t − ρ̂1σ̃tt)
]

×
[√

µ̂
[1]
t − ρ̂1µ̂

[1]
t−1 − σ̃t+1,t + ρ̂1σ̃tt

√
µ̂
[2]
t − ρ̂2µ̂

[2]
t−1 − σ̃t,t+1 + ρ̂2σ̃tt

]−1
,

where µ̂[k]
t = exp(xTt β̂

[k]) and

σ̃t−j,t−j = Cov(y
[1]
t−j , y

[2]
t−j) =

T∑
t=j+1

(y
[1]
t−j − µ̂

[1]
t−j)(y

[2]
t−j − µ̂

[2]
t−j)/(T − j)

σ̃t+1,t = Cov(y
[1]
t+1, y

[2]
t ) =

T−1∑
t=1

(y
[1]
t+1 − µ̂

[1]
t+1)(y

[2]
t − µ̂

[2]
t )/(T − 1)

σ̃t,t+1 = Cov(y
[1]
t , y

[2]
t+1) =

T∑
t=1

(y
[1]
t − µ̂

[1]
t )(y

[2]
t+1 − µ̂

[2]
t+1)/(T − 1).

Under the assumption of time-independent covariates, the above correlation parameters reduce to
Equations (3.5) and (3.6). Hence,

α̂1,1 =
σ̃t+1,t − ρ̂1σ̃tt

µ̂
[2]
1

, α̂2,1 =
σ̃t,t+1 − ρ̂2σ̃tt

µ̂
[1]
1

, (3.5)

where α̂k,1 is the cross-correlation between the time series and ρ̂12,t = ρ̂12 is given by

ρ̂12 =
[
σ̃tt − ρ̂1ρ̂2σ̃tt −

σ̃tt(σ̃t+1,t − ρ̂1σ̃tt)(σ̃t,t+1 − ρ̂2σ̃tt)
µ̂
[1]
1 µ̂

[2]
1

− ρ̂1(σ̃t,t+1 − ρ̂2σ̃tt)− ρ̂2(σ̃t+1,t − ρ̂1σ̃tt)
]

×
[√

µ̂
[1]
1 − σ̃t+1,t + ρ̂1σ̃tt − ρ̂1µ̂[1]

1

√
µ̂
[2]
1 − σ̃t,t+1 + ρ̂2σ̃tt − ρ̂2µ̂[2]

1

]−1
. (3.6)

For an initial value of β̂[k], α̂1,t, α̂2,t, ρ̂1, ρ̂2 and ρ̂12,t are obtained using Equations (3.4) to (3.6).
These estimates are then substituted into the covariance matrix and the iterative Equation (3.4) is
solved to obtain an updated estimate of the regression parameters and these are, in turn, recycled
into the correlation estimating function. These iterations continue until the difference between the
updated and previous regression estimates is less than 10−5. The standard errors of the regression
estimates are calculated using the Hessian [DTΣ−1D]−1. Under mild regularity conditions, the



32 Sunecher et al.

regression estimates are consistent and ((β̂[1], β̂[2]) − (β[1], β[2]))T follows the asymptotic normal
distribution with mean 0 and covariance matrix

[DTΣ−1D]−1[DTΣ−1(ỹ − µ̃)(ỹ − µ̃)TΣ−1D][DTΣ−1D]−1

as demonstrated by Sutradhar et al. (2014).
The parameters under the GMM adaptive approach are estimated as

gI =

 DT (ỹ − µ̃)

α̂TDTV (ỹ − µ̃)

 ,
where V = (ỹ − µ̃)(ỹ − µ̃)T /(2T ) and α̂ is the orthogonal vector. The GMM objective function
is introduced because the dimension of the score vector is larger than the number of regression
parameters to estimate, which is given by

QI(β) = gTI C
−1
I gI (3.7)

where CI is the sample variance of gI : DTV D (DTV 2D)α̂

α̂T (DTV 2D) α̂T (DTV 3D)α̂

 , (3.8)

where α̂ is the product of the inverse of the upper triangular matrix, G, obtained from the Cholesky
decomposition of the matrix (DTV −LDT )V (DTV −LDT ), where L = (DTV 2D)(DTV D)−1

and the eigenvector corresponding to the largest eigenvalue of the matrix (GT )−1D̃D̃TG−1 where
D̃ = DTV D − LDTD. More detail is given by Qu and Lindsay (2003) and Mamode khan and
Jowaheer (2013). Using the Newton-Raphson algorithm,(

β̂
[1]
r+1

β̂
[2]
r+1

)
=

(
β̂
[1]
r

β̂
[2]
r

)
− [Q̈(β̂r)]

−1Q̇(β̂r)

where asymptotically, Q̇I(β) = 2ġTI C
−1
I gI and the hessian matrix Q̈I(β) = 2ġTI C

−1
I ġI with ġI =

∂gI
∂βT

where ġI is of dimension (p+ 1)× p.

For an initial value of ˆβ[k], the iterative Equation (??) is used to compute Q̇(β[k]) and Q̈(β[k]).
These two components are then used to update the value ˆβ[k]. The cycle of iteration continues in this
way. Qu and Lindsay (2003) showed that the estimator of β[k] obtained by minimizing the objective
function (??) is consistent and asymptotically normal with

ˆβ[k] − β[k] ∼ N
(

0, (E[ġTI ]E[C−1I ]E[ġI ])
−1
)
.

Using the converged estimates, the forecasting equations are written as: For t = 1 : T , and
j = 2, 3, . . . , T − 1.y[1]t−j+1

y
[2]
t−j+1

 ,

y[1]t−j
y
[2]
t−j

 =

 ρ̂1 ∗ y[1]t−j + α̂1,t−j ∗ y[2]t−j + d
[1]
t−j+1

ρ̂2 ∗ y[2]t−j + α̂2,t−j ∗ y[1]t−j + d
[2]
t−j+1

 ,

 y
[1]
t−j

y
[2]
t−j

 ,
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where (d
[1]
t−j+1, d

[2]
t−j+1) follows

BIVPoisson(µ̂
[1]
t−j+1 − ρ̂1µ̂

[1]
t−j − α̂1,t−j µ̂

[2]
t−j , µ̂

[2]
t−j+1 − ρ̂2)µ̂

[2]
t−j − α̂2,t−j)µ̂

[1]
t−j , ρ̂12,t−j+1)

and for t = T and j = 1, 2, 3, . . .

y
[1]
T+j = ρj1 ∗ y

[1]
T +

j−1∑
i=0

ρi1 ∗ α1,T+j−i−1 ∗ y[2]T+j−i−1 +

j−1∑
i=0

ρi1 ∗ d
[1]
T+j−i (3.9)

y
[2]
T+j = ρj2 ∗ y

[2]
T +

j−1∑
i=0

ρi2 ∗ α2,T+j−i−1 ∗ y[1]T+j−i−1 +

j−1∑
i=0

ρi2 ∗ d
[2]
T+j−i, (3.10)

where [d
[1]
T+j , d

[2]
T+j ] follows

BIVPoisson(µ̂
[1]
T+j−ρ̂1µ̂

[1]
T+j−1−α̂1,T+j−1µ̂

[1]
T+j−1, µ̂

[2]
T+j−ρ̂2µ̂

[2]
T+j−1−α̂2,T+j−1µ̂

[1]
T+j−1, ρ̂12,T+j)

4 Simulation Study
In this section, we present a simulation study that consists of generating stationary and non-stationary
bivariate time series of Poisson counts under the assumption of a 2× 1 covariate vector of the form

xt1 =


−1 + t (t = 1, . . . , T/4),

rnorm(1, 0, 1) (t = (T/4) + 1, . . . , 3T/4),

1 + t (t = (3T/4) + 1, . . . , T ),

where rnorm generates random numbers from normal distribution and the second element xt2 is
fixed Poisson with parameter 2. The simulation study also consists of estimating the regression,
serial- and cross-correlation parameters using the approaches mentioned in section 3. In this context,
various values of the sample size are considered, T = 60, 100 and 500, along with different values
of the cross-correlation/serial-correlation parameters, ρk = 0.2, 0.6, with ρ12 = 0.3, 0.9 and αk,1 =

0.2, 0.6, where β[k]
1 = β

[k]
2 = 1 for k = 1, 2. These values were taken to assess performance of

the estimating algorithm under low and high correlation values. For the stationary set-up, xtk = x̄k
where x̄k =

∑T
t=1 xtk/T .

These estimates are obtained using small initial values. From the simulation tables, it is re-
marked that the GQL regression, serial and bivariate correlation estimates are consistent and close
to the population values and GQL yields far more efficient estimates than GMM under both station-
ary and non-stationary set-ups, while almost equally efficient estimates as CMLE under the station-
ary set-ups. Note for the non-stationary set-ups, we implemented only GQL and GMM adaptive
since CMLE was computationally not feasible. As the number of time points increases to T = 100

and T = 500, the standard errors decrease, with the standard errors under non-stationary set-up rela-
tively lower than under stationary set-up, irrespective of the size of the serial- and cross-correlations.
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However, a few non-convergent simulations were observed particularly under non-stationary set-up,
as shown in the table below:

The non-convergent simulations were mainly due to either the covariance matrix was ill-conditioned
or the Hessian matrix was near to singularity. To overcome this problem, we took the initial esti-
mates for GQL in the non-stationary set-up as the converged estimates obtained under stationary
set-up. This drastically reduced the number of non-convergent simulations under the non-stationary
set-up. This indicates that the proper choice of initial values of the estimates to run the algorithm
to obtain GQL estimates under non-stationary set-up is important. Note that, in these tables, the
non-stationary serial- and cross-correlations for the different lags as computed in Equations (2.4)
and (3.7) and the bivariate dependence ρ12,t are not all displayed due to their high dimensions but
are reliable values in the interval (0,1). It is remarked that the GQL estimating equation performs
very well for bivariate time series with cross-correlation up to 0.7.

Table 1: Estimates of the parameters (standard errors) under stationary set-up for ρk = [ρ1 =
0.6, ρ2 = 0.6] and αk,1 = [α1,1 = 0.2, α2,1 = 0.2]

ρ12,1 T Method β̂
[1]
1 β̂

[1]
2 β̂

[2]
1 β̂

[2]
2 ρ̂1 ρ̂2 α̂1,1 α̂2,1 ρ̂12,1

0.3 60 CMLE 1.0297 (0.0025) 1.0115 (0.0091) 1.0225 (0.0013) 1.0541 (0.0047) 0.5940 0.6049 0.1917 0.2011 0.2942

GMM 1.2990 (0.0849) 1.2426 (0.0834) 1.2402 (0.0857) 1.2954 (0.0825)

GQL 1.0294 (0.0022) 1.0091 (0.0087) 1.0221 (0.0012) 1.0877 (0.0046) 0.5921 0.6053 0.1957 0.2098 0.2998

100 CMLE 0.9946 (0.00130) 1.0114 (0.00075) 0.9964 (0.00027) 0.9989 (0.00016) 0.6078 0.5993 0.2030 0.2029 0.2938

GMM 0.9757 (0.06580) 1.2317 (0.06741) 0.9730 (0.06322) 0.9770 (0.06240)

GQL 0.9930 (0.0011) 1.0131 (0.0007) 0.9942 (0.00025) 0.9989 (0.00015) 0.6092 0.5931 0.2055 0.2078 0.2981

500 CMLE 1.0258 (0.00068) 0.9921 (0.00015) 0.9930 (0.00016) 0.9902 (0.00009) 0.6016 0.6088 0.2073 0.2060 0.2917

GMM 1.211 (0.03719) 0.9824 (0.03510) 0.9847 (0.03202) 0.9809 (0.03831)

GQL 1.0251 (0.00060) 0.9957 (0.00013) 0.9976 (0.00014) 0.9948 (0.00008) 0.6069 0.6067 0.2046 0.2072 0.2958

0.9 60 CMLE 0.9932 (0.0048) 0.9994 (0.0097) 0.9992 (0.0069) 0.9997 (0.0046) 0.5981 0.5921 0.1906 0.1930 0.8910

GMM 0.9790 (0.0886) 0.9741 (0.0878) 0.9791 (0.0895) 0.9755 (0.0911)

GQL 0.9949 (0.0045) 0.9956 (0.0095) 0.9997 (0.0067) 0.9947 (0.0043) 0.5982 0.5903 0.1963 0.1979 0.8946

100 CMLE 1.0195 (0.0015) 1.0199 (0.0026) 0.9943 (0.0010) 0.9959 (0.0008) 0.6083 0.6062 0.1932 0.1913 0.8998

GMM 1.2951 (0.0617) 1.2343 (0.0613) 0.9783 (0.0611) 0.9763 (0.0634)

GQL 1.0118 (0.0012) 1.0199 (0.0022) 0.9969 (0.0009) 0.9993 (0.0007) 0.6083 0.6084 0.1999 0.1945 0.8957

500 CMLE 1.0914 (0.00055) 1.0195 (0.00014) 0.9972 (0.00013) 0.9918 (0.00024) 0.6081 0.6060 0.2043 0.1988 0.8972

GMM 1.2951 (0.02310) 1.2316 (0.02460) 0.9851 (0.02352) 0.9814 (0.02013)

GQL 1.0936 (0.00051) 1.0079 (0.00012) 0.9965 (0.00011) 0.9993 (0.00021) 0.6071 0.6095 0.2010 0.1953 0.8963



The non-stationary bivariate INAR under . . . 35

Table 2: Estimates of the parameters (standard errors) under non-stationary set-up for ρk = [ρ1 =
0.6, ρ2 = 0.6] and αk,1 = [α1,1 = 0.2, α2,1 = 0.2]

ρ12,1 T Method β̂
[1]
1 β̂

[1]
2 β̂

[2]
1 β̂

[2]
2 ρ̂1 ρ̂2 α̂1,1 α̂2,1 ρ̂12,1

0.3 60 GMM 1.3123 (0.0837) 1.3095 (0.0801) 1.3140 (0.0828) 0.9721 (0.0889)

GQL 1.0103 (0.0019) 1.0024 (0.0045) 1.0791 (0.0007) 0.9979 (0.0027) 0.6097 0.6062 0.1957 0.2059 0.2943

100 GMM 0.9791 (0.05950) 1.3690 (0.05758) 0.9720 (0.05726) 0.9766 (0.05406)

GQL 0.9979 (0.00080) 1.0159 (0.00012) 0.9988 (0.00015) 0.9980 (0.00012) 0.6056 0.5962 0.2022 0.2049 0.2951

500 GMM 0.9824 (0.02314) 0.9843 (0.02229) 0.9883 (0.02187) 0.9841 (0.02867)

GQL 0.9912 (0.00040) 0.9971 (0.00011) 0.9956 (0.00012) 0.9959 (0.00003) 0.6087 0.6039 0.2044 0.2054 0.2929

0.9 60 GMM 1.3883 (0.0827) 0.9712 (0.0818) 0.9761 (0.0823) 1.3013 (0.0893)

GQL 1.0111 (0.0021) 0.9941 (0.0057) 0.9979 (0.0042) 1.0731 (0.0031) 0.5945 0.5964 0.2061 0.2059 0.9012

100 GMM 1.3616 (0.0433) 1.3133 (0.0466) 0.9909 (0.0409) 0.9908 (0.0445)

GQL 1.0151 (0.0011) 1.0188 (0.0014) 0.9954 (0.0007) 0.9960 (0.0005) 0.6039 0.6046 0.2021 0.1911 0.8978

500 GMM 1.3955 (0.02882) 1.3053 (0.02482) 0.9923 (0.02703) 0.9966 (0.02435)

GQL 1.0101 (0.00042) 1.0211 (0.00011) 0.9965 (0.00007) 0.9967 (0.00013) 0.6062 0.6022 0.2012 0.1911 0.8969

Table 3: Estimates of the parameters (standard errors) under stationary set-up for ρk = [ρ1 =
0.2, ρ2 = 0.2] and αk,1 = [α1,1 = 0.2, α2,1 = 0.6]

ρ12,1 T Method β̂
[1]
1 β̂

[1]
2 β̂

[2]
1 β̂

[2]
2 ρ̂1 ρ̂2 α̂1,1 α̂2,1 ρ̂12,1

0.3 60 CMLE 0.9972 (0.0044) 0.9991 (0.0059) 0.9914 (0.0035) 1.0939 (0.0079) 0.1930 0.2029 0.1947 0.5922 0.2943

GMM 0.9759 (0.0880) 0.9767 (0.0841) 0.9735 (0.0864) 1.3895 (0.0803)

GQL 0.9953 (0.0041) 0.9957 (0.0055) 0.9971 (0.0034) 1.0828 (0.0076) 0.1949 0.2053 0.1986 0.5910 0.2921

100 CMLE 0.9923 (0.0015) 0.9914 (0.0026) 1.0936 (0.0017) 1.0910 (0.0009) 0.1910 0.2018 0.2011 0.5996 0.2962

GMM 0.9751 (0.0527) 0.9719 (0.0500) 1.3222 (0.0550) 1.3754(0.0519)

GQL 0.9951 (0.0012) 0.9918 (0.0022) 1.0918 (0.0014) 1.0951 (0.0008) 0.1985 0.2008 0.2080 0.5930 0.2925

500 CMLE 0.9958 (0.00048) 0.9901 (0.00099) 0.9995 (0.00088) 0.9954 (0.00045) 0.2042 0.1970 0.2011 0.5955 0.2915

GMM 0.9873 (0.02501) 0.9899 (0.02874) 0.9881 (0.02707) 0.9849 (0.02921)

GQL 0.9925 (0.00046) 0.9992 (0.00098) 0.9959 (0.00087) 0.9961 (0.00042) 0.2072 0.1969 0.2059 0.5948 0.2923

0.9 60 CMLE 0.9915 (0.0015) 0.9993 (0.0035) 1.0963 (0.0058) 1.0994 (0.0066) 0.1938 0.1919 0.2093 0.5965 0.8983

GMM 0.9710 (0.0835) 0.9774 (0.0818) 1.3822 (0.0856) 1.3663 (0.0839)

GQL 0.9913 (0.0011) 0.9911 (0.0034) 1.0891 (0.0057) 1.0899 (0.0062) 0.1905 0.1976 0.2091 0.5991 0.8992

100 CMLE 0.9977 (0.00044) 0.9910 (0.00016) 0.9912 (0.00036) 0.9984 (0.00028) 0.2055 0.2085 0.2021 0.5964 0.8927

GMM 0.9720 (0.05106) 0.9752 (0.05392) 0.9759 (0.05676) 0.9771 (0.05481)

GQL 0.9911 (0.00041) 0.9946 (0.00015) 0.9921 (0.00036) 0.9939 (0.00027) 0.2064 0.2073 0.2004 0.5924 0.8970

500 CMLE 1.0281 (0.00025) 0.9989 (0.00009) 0.9969 (0.00016) 0.9997 (0.00010) 0.2064 0.2074 0.2078 0.5935 0.8982

GMM 1.2408 (0.02172) 0.9840 (0.02830) 0.9885 (0.02108) 0.9822 (0.02986)

GQL 1.0108 (0.00022) 0.9905 (0.00008) 0.9998 (0.00013) 0.9915 (0.00009) 0.2034 0.2038 0.2005 0.5909 0.8981
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Table 4: Estimates of the parameters (standard errors) under non-stationary set-up for ρk = [ρ1 =
0.2, ρ2 = 0.2] and αk,1 = [α1,1 = 0.2, α2,1 = 0.6]

ρ12,1 T Method β̂
[1]
1 β̂

[1]
2 β̂

[2]
1 β̂

[2]
2 ρ̂1 ρ̂2 α̂1,1 α̂2,1 ρ̂12,1

0.3 60 GMM 0.9796 (0.0933) 0.9707 (0.0919) 0.9710 (0.0989) 1.3441 (0.0920)

GQL 0.9955 (0.0033) 0.9968 (0.0041) 0.9975 (0.0021) 1.0121 (0.0047) 0.1979 0.2015 0.1991 0.6012 0.2947

100 GMM 0.9745 (0.0667) 0.9710 (0.0611) 1.3641 (0.0679) 1.3507 (0.0624)

GQL 0.9954 (0.0019) 0.9946 (0.0017) 1.0523 (0.0012) 1.0475 (0.0006) 0.2011 0.2002 0.2042 0.5945 0.2963

500 GMM 0.9899 (0.02710) 0.9813 (0.02915) 1.2841 (0.02803) 0.9809 (0.02207)

GQL 0.9955 (0.00028) 0.9997 (0.00071) 1.0012 (0.00066) 0.9985 (0.00025) 0.2021 0.1980 0.2041 0.5957 0.2967

0.9 60 GMM 0.9708 (0.0889) 0.9748 (0.0831) 1.3615 (0.0811) 1.3363 (0.0827)

GQL 0.9935 (0.0010) 0.9947 (0.0022) 1.0147 (0.0034) 1.0218 (0.0046) 0.1956 0.1982 0.2043 0.5993 0.9001

100 GMM 0.9775 (0.05551) 0.9701 (0.05667) 0.9760 (0.05492) 0.9770 (0.05332)

GQL 0.9919 (0.00024) 0.9957 (0.00012) 0.9926 (0.00023) 0.9944 (0.00021) 0.2084 0.2087 0.2002 0.5967 0.8981

500 GMM 1.2214 (0.01425) 0.9817 (0.01332) 0.9732 (0.01630) 0.9790 (0.01361)

GQL 1.0022 (0.00021) 0.9923 (0.00004) 0.9901 (0.00011) 0.9929 (0.00007) 0.2021 0.2022 0.2003 0.5918 0.8989

Table 5: Estimates of the parameters (standard errors) under stationary set-up for ρk = [ρ1 =
0.2, ρ2 = 0.2] and αk,1 = [α1,1 = 0.6, α2,1 = 0.2]

ρ12,1 T Method β̂
[1]
1 β̂

[1]
2 β̂

[2]
1 β̂

[2]
2 ρ̂1 ρ̂2 α̂1,1 α̂2,1 ρ̂12,1

0.3 60 CMLE 0.9925 (0.0051) 0.9953 (0.0098) 0.9900 (0.0077) 0.9918 (0.0048) 0.2021 0.2006 0.6018 0.1901 0.2943

GMM 0.9793 (0.0784) 0.9772 (0.0760) 0.9739 (0.0755) 0.9750 (0.0739)

GQL 0.9955 (0.0049) 0.9964 (0.0096) 0.9946 (0.0075) 0.9936 (0.0046) 0.2071 0.2002 0.6049 0.1977 0.2902

100 CMLE 1.0911 (0.0018) 1.0954 (0.0025) 0.9961 (0.0027) 0.9919 (0.0022) 0.2030 0.2002 0.6097 0.2017 0.2975

GMM 1.3211 (0.0460) 1.3233 (0.0453) 0.9732 (0.0490) 0.9934 (0.0511)

GQL 1.0912 (0.0015) 1.0917 (0.0022) 0.9973 (0.0024) 0.9956 (0.0019) 0.2068 0.2037 0.6008 0.2054 0.2977

500 CMLE 0.9973 (0.00065) 0.9998 (0.00098) 0.9957 (0.00040) 0.9937 (0.00024) 0.2057 0.2013 0.6022 0.2096 0.2919

GMM 0.9866 (0.01100) 0.9800 (0.01676) 0.9888 (0.01102) 0.9824 (0.01453)

GQL 0.9957 (0.00063) 0.9929 (0.00097) 0.9985 (0.00039) 0.9991 (0.00021) 0.2043 0.2036 0.6013 0.2058 0.2911

0.9 60 CMLE 1.0283 (0.0078) 0.9950 (0.0088) 0.9982 (0.0047) 0.9933 (0.0028) 0.2073 0.2082 0.6018 0.1978 0.8911

GMM 1.3834 (0.0808) 0.9725 (0.0896) 0.9792 (0.0850) 0.9742 (0.0883)

GQL 1.0171 (0.0076) 0.9985 (0.0087) 0.9976 (0.0043) 0.9959 (0.0027) 0.2004 0.2010 0.6036 0.1982 0.8915

100 CMLE 1.0918 (0.0015) 1.0910 (0.0027) 1.0928 (0.0038) 0.9910 (0.0009) 0.2040 0.2018 0.6087 0.2082 0.8975

GMM 1.3920 (0.0532) 1.3215 (0.0518) 1.3686 (0.0560) 0.9746 (0.0514)

GQL 1.0974 (0.0013) 1.0996 (0.0024) 1.0973 (0.0037) 0.9918 (0.0008) 0.2008 0.2023 0.6026 0.2020 0.8974

500 CMLE 0.9959 (0.00101) 0.9911 (0.00022) 0.9974 (0.00034) 0.9910 (0.00027) 0.2017 0.2098 0.6094 0.1960 0.8961

GMM 0.9845 (0.01501) 0.9998 (0.01969) 0.9931 (0.01051) 0.9978 (0.01760)

GQL 0.9919 (0.00090) 0.9978 (0.00021) 0.9971 (0.00032) 0.9945 (0.00025) 0.2021 0.2089 0.6045 0.1984 0.8906



The non-stationary bivariate INAR under . . . 37

Table 6: Estimates of the parameters (standard errors) under non-stationary set-up for ρk = [ρ1 =
0.2, ρ2 = 0.2] and αk,1 = [α1,1 = 0.6, α2,1 = 0.2]

ρ12,1 T Method β̂
[1]
1 β̂

[1]
2 β̂

[2]
1 β̂

[2]
2 ρ̂1 ρ̂2 α̂1,1 α̂2,1 ρ̂12,1

0.3 60 GMM 0.9743 (0.0825) 0.9721 (0.0851) 0.9758 (0.0812) 0.9794 (0.0825)

GQL 0.9966 (0.0031) 0.9975 (0.0042) 0.9959 (0.0051) 0.9947 (0.0024) 0.2019 0.2001 0.6031 0.1985 0.2942

100 GMM 1.3225 (0.0522) 1.3749 (0.0542) 1.3447 (0.0533) 0.9952 (0.0525)

GQL 1.0147 (0.0012) 1.0213 (0.0016) 1.0013 (0.0018) 0.9976 (0.0013) 0.2064 0.2025 0.6004 0.2033 0.2982

500 GMM 0.9723 (0.03010) 0.9828 (0.03899) 0.9820 (0.03438) 0.9875 (0.03119)

GQL 0.9965 (0.00054) 0.9947 (0.00066) 0.9991 (0.00031) 0.9995 (0.00015) 0.2059 0.2061 0.6007 0.2041 0.2933

0.9 60 GMM 1.3466 (0.0768) 0.9791 (0.0747) 0.9719 (0.0719) 0.9735 (0.0778)

GQL 1.0081 (0.0055) 0.9988 (0.0062) 0.9981 (0.0033) 0.9969 (0.0022) 0.2002 0.2005 0.6021 0.1988 0.8945

100 GMM 1.3168 (0.0435) 1.3613 (0.0485) 1.3568 (0.0445) 0.9920 (0.0453)

GQL 1.0416 (0.0011) 1.0382 (0.0019) 1.0258 (0.0013) 0.9952 (0.0006) 0.2016 0.2012 0.6015 0.2017 0.8986

500 GMM 0.9823 (0.01124) 0.9880 (0.01720) 0.9828 (0.01422) 0.9831 (0.01112)

GQL 0.9931 (0.00070) 0.9983 (0.00017) 0.9979 (0.00025) 0.9958 (0.00022) 0.2012 0.2071 0.6032 0.1989 0.8929

Table 7: Estimates of the parameters (standard errors) under stationary set-up for ρk = [ρ1 =
0.2, ρ2 = 0.2] and αk,1 = [α1,1 = 0.2, α2,1 = 0.2]

ρ12,1 T Method β̂
[1]
1 β̂

[1]
2 β̂

[2]
1 β̂

[2]
2 ρ̂1 ρ̂2 α̂1,1 α̂2,1 ρ̂12,1

0.3 60 CMLE 1.0904 (0.0098) 1.0962 (0.0085) 0.9931 (0.0076) 0.9916 (0.0056) 0.2118 0.1987 0.2040 0.2031 0.2910

GMM 1.3726 (0.0871) 1.3991 (0.0824) 0.9792 (0.0831) 0.9738 (0.0837)

GQL 1.0941 (0.0096) 1.0971 (0.0082) 0.9985 (0.0073) 0.9913 (0.0055) 0.2173 0.1939 0.2058 0.2098 0.2922

100 CMLE 1.0991 (0.0015) 0.9918 (0.0024) 0.9917 (0.0017) 1.0923 (0.0016) 0.2013 0.2083 0.2026 0.2021 0.2979

GMM 1.3084 (0.0539) 0.9741 (0.0550) 0.9740 (0.0514) 1.3451 (0.0556)

GQL 1.0916 (0.0012) 0.9947 (0.0022) 0.9956 (0.0015) 1.0992 (0.0014) 0.2070 0.2044 0.2005 0.2057 0.2952

500 CMLE 0.9934 (0.00025) 0.9976 (0.00019) 0.9913 (0.00034) 0.9922 (0.00043) 0.2029 0.2082 0.2093 0.2092 0.2942

GMM 0.9891 (0.02270) 0.9817 (0.02052) 0.9835 (0.02505) 0.9811 (0.02187)

GQL 0.9922 (0.00023) 0.9982 (0.00017) 0.9945 (0.00031) 0.9971 (0.00041) 0.2021 0.2029 0.2043 0.2056 0.2977

0.9 60 CMLE 0.9951 (0.0018) 0.9954 (0.0085) 1.0961 (0.0098) 0.9980 (0.0057) 0.2065 0.2035 0.2032 0.2049 0.8922

GMM 0.9789 (0.0721) 0.9717 (0.0718) 1.3178 (0.0717) 0.9767 (0.0795)

GQL 0.9964 (0.0016) 0.9928 (0.0081) 1.0987 (0.0097) 0.9914 (0.0054) 0.2015 0.2014 0.2096 0.2069 0.8932

100 CMLE 0.9905 (0.0008) 1.0965 (0.0015) 0.9990 (0.0026) 1.0931 (0.0034) 0.2046 0.2096 0.2034 0.2003 0.8914

GMM 0.9712 (0.0546) 1.3853 (0.0511) 0.9730 (0.0569) 1.3491 (0.0585)

GQL 0.9932 (0.0007) 1.0985 (0.0013) 0.9948 (0.0023) 1.0917 (0.0031) 0.2013 0.2006 0.2071 0.2013 0.8971

500 CMLE 0.9980 (0.00015) 0.9901 (0.00029) 0.9919 (0.00017) 0.9946 (0.00059) 0.2087 0.2052 0.2005 0.1941 0.8958

GMM 0.9823 (0.01066) 0.9801 (0.01137) 0.9802 (0.01536) 0.9788 (0.01429)

GQL 0.9916 (0.00014) 0.9973 (0.00028) 0.9941 (0.00014) 0.9905 (0.00057) 0.2068 0.2016 0.2094 0.1988 0.8996
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Table 8: Estimates of the parameters (standard errors) under non-stationary set-up for ρk = [ρ1 =
0.2, ρ2 = 0.2] and αk,1 = [α1,1 = 0.2, α2,1 = 0.2]

ρ12,1 T Method β̂
[1]
1 β̂

[1]
2 β̂

[2]
1 β̂

[2]
2 ρ̂1 ρ̂2 α̂1,1 α̂2,1 ρ̂12,1

0.3 60 GMM 1.3034 (0.0898) 1.3649 (0.0827) 0.9791 (0.0874) 0.9710 (0.0825)

GQL 1.0105 (0.0065) 1.0207 (0.0042) 0.9988 (0.0051) 0.9935 (0.0037) 0.2089 0.2098 0.2045 0.2064 0.2939

100 GMM 1.3467 (0.0655) 0.9753 (0.0644) 0.9759 (0.0616) 1.3866 (0.0649)

GQL 1.0527 (0.0011) 0.9971 (0.0013) 0.9964 (0.0012) 1.0613 (0.0011) 0.2021 0.2023 0.2002 0.2041 0.3013

500 GMM 0.9796 (0.02892) 0.9711 (0.02004) 0.9770 (0.02779) 0.9737 (0.02425)

GQL 0.9937 (0.00019) 0.9988 (0.00012) 0.9958 (0.00022) 0.9978 (0.00033) 0.2012 0.2017 0.2027 0.2024 0.2986

0.9 60 GMM 0.9781 (0.0913) 0.9768 (0.0941) 1.3244 (0.0990) 0.9721 (0.0970)

GQL 0.9975 (0.0012) 0.9947 (0.0062) 1.0432 (0.0071) 0.9951 (0.0042) 0.2007 0.2008 0.2041 0.2052 0.8961

100 GMM 0.9739 (0.0646) 1.3335 (0.0676) 0.9935 (0.0632) 1.3017 (0.0610)

GQL 0.9941 (0.0006) 1.0991 (0.0011) 0.9963 (0.0021) 1.0456 (0.0024) 0.2009 0.2003 0.2024 0.2011 0.8982

500 GMM 0.9832 (0.03041) 0.9828 (0.03204) 0.9861 (0.0335) 0.9830 (0.03706)

GQL 0.9929 (0.00011) 0.9984 (0.00022) 0.9955 (0.00012) 0.9956 (0.00028) 0.2011 0.2012 0.2051 0.2005 0.9001

(0.00011) (0.00022) (0.00012) (0.00028)

5 Conclusion
In this paper, a new full BINAR(1) Poisson model (FBINAR1M2) is designed under the assumption
that the cross-correlation is formed via the non-stationary bivariate innovative series and the cross-
correlation between observations at the current time point with observation of the second variate at
the previous time point. As a substitute to an extremely complicated conditional likelihood estima-
tion approach, a consistent and equally efficient GQL approach is developed. Through simulation
studies, it is shown that the GQL approach performs remarkably well and yields consistent estimates
of the regression, serial- and cross-correlation parameters that are more efficient than those obtained
under GMM and CMLE.
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Table 9: Number of non-convergent simulations under GQL, CMLE and GMM for the different
combinations under stationary set-up and under GQL and GMM for the different combinations
under non-stationary set-up.

Stationary Non-stationary

ρ̂1 ρ̂2 α̂1,1 α̂2,1 ρ̂12,1 T GQL CMLE GMM GQL GMM

0.6 0.6 0.2 0.2 0.3 60 140 270 160 1800 1850

100 125 250 150 1700 1740

500 100 215 120 1000 1100

0.9 60 150 280 175 1830 1875

100 130 260 160 1750 1790

500 115 200 130 1100 1180

0.2 0.2 0.6 0.2 0.3 60 155 270 160 1750 1800

100 125 240 130 1680 1725

500 100 200 110 925 990

0.9 60 140 280 175 1810 1860

100 125 250 135 1710 1770

500 105 195 120 990 1040

0.2 0.2 0.2 0.6 0.3 60 150 275 165 1740 1810

100 120 240 130 1660 1720

500 105 210 110 920 980

0.9 60 140 270 170 1800 1850

100 125 250 135 1700 1750

500 110 190 125 970 1010

0.2 0.2 0.2 0.2 0.3 60 140 270 160 1630 1700

100 110 230 120 1590 1630

500 100 200 100 870 910

0.9 60 135 260 150 1720 1780

100 120 240 130 1625 1650

500 105 170 110 890 925
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