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Abstract
Packet traffic is analyzed based on two states continuous time Markovian chain where one state indicates overloaded and the other is
under loaded condition of the network. The sojourn time of a state follows exponential distribution. Still no specific Markov chain
exists for analysis of two dimensional packet traffic of combined link. In this paper a two dimentinal Markovian chain is proposed for
two different types of packet traffic on a common trunk link. Several methods are prevalent to solve such Markovian chain; this paper
gives a method based on Laplace Transform to solve the chain. Theoretical explanation of the paper will be helpful for a network
planar to allocate channels to support offered traffic of a network.
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I. Introduction

Traffic offered to a system is called “multidimensional”
when it is categorized into different types or classes
according to arrival process, service time distribution,
bandwidth requirement, quality of service (QoS)
requirement, impact of number of users, priority etc. If a
communication network is in statistical equilibrium, it can
be modeled by a special state transition diagram known as
Markovian chain. A finite Markov chain or Markov process
describes a closed system in which objects move from one
state to another by a pre-determined probability [1]-[4].
Voice traffic of circuit switch network follows Poisson’s
probability density function (pdf), which can be modeled by
finite sate Markovian chain is independent of time. Node or
cut equations can be applied to determine different
probability sates in normalized form. Multidimensional
voice traffic can also be solved using triangular matrix or
tabular form shown in [5].  In case of packet traffic (ATM
packet, TCP-IP packet, MPEG video packet etc.) inter-
arrival time is exponential but service time is deterministic;
hence finite state Markovian chain is not applicable for such
traffic summarized in [6]. It is always convenient to analyze
packet traffic using two state continuous Markovian chain
where one is overloaded and the other state is under-loaded
state of the network. Any packet arrival in under-loaded
sate will be served and that of at over-loaded will be lost.
Four traffic parameters i) packet arrival rate at overloaded
sate ii)  packet arrival rate at under-loaded sate iii) the rate
of transition from overloaded to under-loaded sate iv) the
rate of transition from  under-loaded to overloaded sate, are
enough to describe performance of the network [7]-[9].
Above parameters are determined from the traffic histogram
of the network after long time observation. Coefficient of
variation of interarrival of such traffic is greater than unity
reveals some random attitude. To alleviate the situation
some intermediate states are incorporated with the
underloaded sate of MAP(2) (two sates Markovian arrival
process).  For proposed two dimensional packet traffic case,
same result is found without introducing any additional
sate.

Section-2 of the paper gives a mathematical model to solve
continuous Markovian chain, section-3 gives the proposed
traffic model, section-4 depicts the results of the paper and
finally section-5 concludes the entire paper.

II. Mathematical Model

This section depicts a mathematical model to determine
time dependent probability transition matrix of a Markovian
chain [10]-[14]. In each case, the transition density matrix,
A, should have negative diagonal elements and non-
negative off-diagonal elements. Each element of A
corresponds to transition at a rate from one state to another.
Let us consider the simplest case of state transition diagram
of two states like fig. 1.

Fig.1. Two sate Markovian chain

The transition density matrix, 















A and the

differential equation, P (t)=P(t)A is used to determine
each probability sate. In this method a matrix (sI-A)-1 is
determined, where s is the independent variable of Laplace
transform and I is an identity matrix. Finally inverse
Laplace transform is taken on each element of the matrix to
get the probability states Pij(t).

Now, 
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Taking inverse Laplace transform on (4),
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Similarly,
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Taking inverse Laplace transform on (6),
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III. Proposed Model

In a mixed traffic network call admission scheme (CAS) is
incorporated to balance the impact of voice and data traffic
on allocated channels. Fig.2 shows the simplest call
admission scheme for voice data integrated service where n
out of n+k channels are used for combined traffic and the
rest k channels are for data traffic based on [15]-[17]. Here
Ad and Av are the offered traffic of data and voice
respectively. Any voice call arrival beyond utilization of n
channels will be dropped because the rest k channels are
exclusively kept for data traffic. The Markovian chain for
the CAS of fig.2 is shown in fig.3.

Fig. 2. Call admission scheme of voice data integrated traffic

Fig. 3. Markov Chain of fig. 2

All the probability sates i ≤ n+k are considered as the
under-loaded condition of data traffic and any arrival at n+k
state it considered as the overloaded sate of  the data traffic.
Applying cut equations on fig.3 the probability sates are:
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All of above sates are considered as underloaded state of
the network but any arrival at Pn+k will take the network in
overloaded state. Such analysis is independent of time and
inclusion of time requires time dependent form of Markov
chain like previous section. The entire chain can be
represented into its equivalent form of two states like fig.4.
where sate1 is the overloaded state and any arrival of packet
at the rate of λ1 will be lost [18]-[20]. The rate of transition
from overloaded state to under loaded sate is x1. State-2 is
the under loaded sate where any arrival of packet at the rate
of λ2 will be served but has the tendency to back to
overloaded state at a rate of x2. The transition density
matrix of fig.4 will be:


















222

111

xx
xx

A



and its diagonal matrix,
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Kth moment Gk, of interarrival time is expressed like [21],

Gk=k!P(-C)-(k+1)De (10)

where, P is the initial probability vector and e is a unit
vector.

Coefficient of variation Cv is:
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Fig. 4. State transition of packet traffic

Such data traffic model, which is prevalent now-a-days, can
be solved quite comfortably. The situation becomes
cumbersome for two dimensional data traffic. Here four
different probability sates and six pair of transitions are
possible taking combinations of states of the traffics. All the
four states have self transition depicted by loops of fig.4.
For two dimensional packet traffic the state transition chain
will take the form of fig.3. Here any probability state
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})1,0{},1,0{(  ji indicates the loading condition of
the traffics like [22]. Flag 0 and 1 indicate under-loaded and
over-loaded sate of traffic; i and j are the sates of first and
second types of traffic shown in table-1

Table-1
States Conditions of traffic
(0, 0) Both traffics are in underloaded state.
(0, 1) Type-1 in underloaded and type-2 in

overloaded state.
(1, 0) Type-1 in overloaded and type-2 in

underloaded state
(1, 1) Both traffics are in overloaded state

Fig.5. State transition of two dimensional packet traffic

The transition density matrix of fig.5 will be:
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From the relation, P(t)=P(t).A

(D+R)P11(t)=a2P12(t)+y2P13(t)+d1P14(t) (13)

(D+Z)P12(t)=a1P11(t)+b2P13(t)+x1P14(t) (14)

(D+X)P13(t)=y1P11(t)+b2P12(t)+c1P14(t) (15)

(D+Y)P14(t)=d2P11(t)+x2P12(t)+c1P13(t) (16)

where, R=λ1+a1+y1+d2, Z= λ2+a2+b1+x2, X=

λ3+b2+c1+y2 and Y=λ2\4+c2+d1+x1

Eliminating P11(t) from (13)-(16),

(D2+aD+b)P12(t)=

(b2D+c)P13(t)+(x1D+d)P14(t) (17)

(D+e)P13(t)=(y1/a1D+f)P12(t)+gP14(t) (18)

(D+h)P14(t)=(d2/y1D+i)P13(t)+jP12(t (19)

where, a=R+Z, b=RZ-a1a2, c=Rb2+y2, d=x1R,
e=X+y1b2/a1, f=y1Z/a1+b2, g=c1-y1x1/a1,h=Y+d2c1/y1

,i=d2X/y1+c1, and j=x2-d2b2/y1

Successive elimination of variables will provide fourth
order differential equation of P11(t), P12(t), P13(t) and P14(t).
Final solution of the differential equations can be obtained
with the method of section-2. Now kth moment Gk and co-
efficient of variation Cv can be evaluated from equations
(10) and (11).

IV. Results

For the Markovian chain of fig.1, the transition matrix

P(t) 
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can be evaluated by any one of

six techniques of section-2. The profile of P11(t) and P12(t)

of P(t) is shown in fig.6 has reverse trajectory. Finally

states will be stable with, P11=μ/(λ + μ)=3/5 and P12= λ /(λ

+ μ)=2/5 at t=∞ are also visualized from the same figure.

Situation is different for self absorbing Markovian chain of

fig.4 and fig.5.
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Fig. 6. Probability states of fig.1

0 0.5 1 1.5 2
0

0.5

1

P11
P12

Time

P
ro
b
a
b
i
l
i
t
y
o
f
st
at
es

Fig. 7. Probability states of fig.4
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Fig. 8. Probability states of fig.5
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Fig. 9. Coefficient of variation of fig. 2

Trajectory of different probability states of fig.4 (λ1=1
packets/unit time, x1=2 packets/unit time, λ2=2 packets/unit
time, x2=1 packets/unit time) and fig.5 (λ1=1, λ2=2, λ3=2,
λ4=3, a1=2, a2=1, x1=2, x2=4, y1=1.2, y2=1, d1=1, d2=2,
c1=1, c2=2) are shown in fig.7 and fig.8 respectively. All
the curves have the tendency of decreasing with time and
after some duration they seems to be stable but stability
comes after longer time in fig.7 and fig.8 compared to that
of fig.6. Incorporation of more states is responsible for such
situation.

Fig.9 depicts the comparison of coefficient of variation Cv
of self absorbing and non-absorbing cases of two state
Markovian chain of fig.4 taking x1=2, x2=4, λ2=2.
Coefficient of variation is higher for non-absorbing case of
course the parameter is higher than unity for both cases.
Incorporation of some intermediate states reduces Cv was
shown by [21]. The proposed two states Markovian chain
deals with four probability states will reduce the wide
variation of traffic parameters. The phenomenon is verified
in fig.10 where Cv is found less than unity but Cv is more
sensitive for the case of non absorbing case like one
dimensional Markovian chain.
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Fig. 10. Coefficient of variation of fig. 3 (λ2, λ3, λ4=0/2)

V. Conclusions

Usually voice traffic of a network is analyzed based on time
independent Markovian chain. In case of voice data
integrated traffic of recent network above procedure
deviates from accuracy. The remedy of the situation is to
incorporate M/D/n traffic model but solution of such model
becomes troublesome job when n>1 even no solution exits
for the case of two dimensional traffic. The proposed traffic
model in this paper will be a helping tool for a network
planar to select the traffic parameters of the network to
ensure desired QoS. Still there is a scope of determination
of probability density function (pdf) of the proposed model
to compare it with the pdf of other existing traffic models.
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